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Chapter 1

Presentacion - Presentation

1.1 En espanol

Nota Importante: Las notationes en los Capitulos 3 y 4 son independientes.

1.1.1 Plan de contenidos

El presente trabajo se estructura de la siguiente forma:

e En la seccion 1.1.2 de este capitulo se entrega un resumen general del
contenido de la investigacién desarrollada, mientras que en la seccién
1.1.3 del mismo se presenta brevemente un resumen de los resulta-
dos existentes relativos a los problemas estudiados, y de los resultados
nuevos obtenidos en el transcurso de la investigacién. Ambos puntos
estan es espanol y seran extendidos en los capitulos 3 y 4.

e En el capitulo 2 se entrega un resumen en espanol de las herramientas
necesarias para abordar los problemas estudiados en los capitulos 3 y
4 y se fijan algunas convenciones.

e El capitulo 3 contiene una investigacion desarrollada por el autor de
esta Tesis. Se encuentra en inglés y cuenta con una introduccién propia
donde se explica de manera completa el contexto de la investigacion y
se presentan los resultados ya existentes. Ademads, cuenta con una
seccion donde se presentan los resultados nuevos. El objetivo central
es estudiar la representaciéon de cuadrados por medio de polinomios
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de segundo grado en varios campos, principalmente sobre las funciones
meromorfas p-adicas, y deducir consecuencias en Logica.

e El capitulo 4 contiene una investigacion en conjunto desarrollada por
Thanases Pheidas (codirector de la Tesis), Xavier Vidaux (director de
la Tesis) y por el autor de esta Tesis. Al igual que el Capitulo 3, se
encuentra en inglés y cuenta con una introduccion propia donde se ex-
plica de manera completa el contexto de la investigacién y los resultados
nuevos. El objetivo central es estudiar definibilidad y codificaciéon uni-
forme sobre familias de estructuras, para obtener algunos resultados
fuertes de indecidibilidad.

e Finalmente, en el Capitulo 5 se entrega una lista de problemas abiertos
relativos a la investigacion y se presentan posibles direcciones en las que
el trabajo se puede extender. Este capitulo se encuentra en espanol y
en inglés.

1.1.2 Resumen

En el Capitulo 3 demostraremos un resultado sobre representacién de cuadra-
dos mediante polinomios ménicos de segundo grado en el campo de las fun-
ciones meromorfas p-adicas (los polinomios considerados tienen sus coefi-
cientes en este mismo campo), para asi resolver el problema de Biichi de
los n cuadrados en este campo. Usando este resultado, demostramos la no
existencia de un algoritmo para decidir si un sistema de formas cuadraticas
diagonales sobre Z[z] representa o no en el anillo de funciones enteras p-adicas
(con variable z) un vector dado de polinomios de Z[z|, y un resultado similar
para funciones meromorfas p-adicas cuando los sistemas admiten condiciones
de anulamiento sobre las incégnitas. Esto mejora la ya conocida respuesta
negativa al analogo del Décimo Problema de Hilbert para estas estructuras.
También mejoramos algunos resultados de Vojta relativos al caso de fun-
ciones meromorfas complejas, campos de funciones algebraicas y finalmente
campos de numeros, y mostramos una directa conexion de esto ultimo con
la conjetura de Bombieri para superficies sobre campos de nimeros.

Por otro lado, en el capitulo 4 se demuestran algunos resultados sobre
definibilidad y codificacién uniforme en familias de estructuras, y se obtienen
a partir de ellos resultados de indecibilidad uniforme. Por ejemplo, la relacion
“r # y” se puede definir de manera uniforme sobre el lenguaje de anillos en
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la familia de todos los campos, por medio de la férmula
Juzu =1+ yu.

El estudio del concepto de uniformidad nos permitira obtener técnicas para
probar resultados del siguiente tipo: no existe un algoritmo para saber si un
sistema de ecuaciones diofantinas con condiciones del tipo “x no constante”
sobre algunas variables x, admite o no solucién en F,[z] para infinitos p. Esto
contrasta fuertemente con la situacién andloga sobre [F,,, donde es sabido que
st existe un algoritmo para saber si 0 no un sistema de ecuaciones diofantinas
tiene solucién en I, para infinitos p (en efecto, basta verificar si el sistema
tiene alguna solucién compleja, lo cual se puede decidir algoritmicamente).
Ademas, obtenemos una definicién de la relaciéon “existe un nimero natural
s tal que z = y”° o y = 2”7 sobre una amplia clase de anillos de funciones
en caracteristica p, donde la férmula que se obtiene es positiva existencial
y no utiliza el nimero p (en particular, para clases de anillos de funciones
algebraicas cuyo campo de constante es algebraico sobre F,).

1.1.3 Introduccion

This section is a short Spanish version of the introductions (in English) of
Chapters 3 and 4.

FEsta seccion es un resumen extendido de las introducciones (en inglés) de los
capitulos 3 y 4.

En 1900 Hilbert propuso el problema de encontrar un algoritmo para
decidir si, dada una ecuacion polinomial con coeficientes enteros, ella posee o
no soluciones enteras. Este problema, conocido como el Décimo Problema de
Hilbert, fue respondido negativamente por Matijasevich 70 anos méas tarde
[Mat] concluyendo un trabajo desarrollado principalmente por M. Davis, H.
Putnam y J. Robinson. El resultado obtenido fue que en realidad no existe
tal algoritmo. En lenguaje moderno, lo que realmente se demostrd es que
los conjuntos recursivos de Z son diofantinos, y como consecuencia la teoria
positiva existencial de Z es indecidible en el lenguaje de anillos {0, 1,4+, -}.
A partir del Décimo Problema de Hilbert aparecen dos problemas naturales:

P1: Resolver andlogos en otras estructuras.

P2: Si hay una respuesta negativa para un analogo del Décimo Problema en
una L-estructura 91, debilitar el lenguaje £ manteniendo la respuesta
negativa.
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Para el problema P1, una técnica que surge es tratar de codificar existen-
cialmente Z en la estructura 91 que nos interesa. De esta forma se puede
responder negativamente el analogo del Décimo Problema en 9 utilizando
el resultado para Z. En el Capitulo 4, esta idea sera extendida a codifica-
ciones uniformes sobre familias de estructuras, para obtener indecidibilidad
en situaciones mas generales.

Por otra parte, relativo al problema P2, J. R. Biichi estudié la posibilidad
de debilitar el lenguaje de anillos y mantener el resultado de indecidibilidad
para la teoria positiva existencial de enteros sobre el nuevo lenguaje. Conc-
retamente, Biichi formulé una conjetura en teoria de nimeros y probé (en
un trabajo no publicado y comunicado péstumamente por Lipshitz [L]) que
suponiendo que dicha conjetura era correcta, entonces la teoria positiva ex-
istencial de Z sobre L, es indecidible, con el lenguaje

£2 = {Oa 17 =+, P2}7

donde P es un simbolo de relacion unaria que se interpreta de la siguiente
forma: Py(k) siy sélo si “k es un cuadrado”. El problema aritmético que
condiciona este resultado actualmente es conocido como el Problema de Biichi
para enteros (BPy(Z)) y es el siguiente:

Problema. Decidir si existe algun entero N > 3 tal que toda solucion en Z
del sistema de ecuaciones

x =22l +al, =2, i=2...,N—1

(2

satisface 12 = (x + )%, 1 =1,..., N para algin entero x.

Analisis numéricos del problema y argumentos heuristicos (ver [BB, Pi,
He]) sugieren que N = 5 serviria, pero no se ha logrado probar siquiera que
tal N exista. La conjetura es que BPy(Z) tiene respuesta positiva, y en esta
direccién Vojta [Vo2] demostré usando técnicas de Bogomolov que BPy(Z)
tiene respuesta positiva si asumimos una conjetura de Lang sobre puntos
racionales en superficies de tipo general.

En muchos casos, dado un anillo 9 y un lenguaje L, si la teoria positiva
existencial de 91 sobre L es indecidible y si el analogo del problema de
Biichi es cierto en 91, entonces es posible utilizar el argumento de Biichi
para debilitar £ y mantener la indecidibilidad; por esto en particular nace el
interés de resolver un analogo de BPy(Z) sobre otros anillos.
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Se sabe que tienen respuesta positiva analogos del problema de Biichi en
varias estructuras, como por ejemplo BPy(M), donde M es el campo de
funciones meromorfas complejas, y BPy(K), donde K es el campo de fun-
ciones de una curva algebraica en caracteristica cero (ver [Vo2]), BPy(F(2))
donde F' es un campo de caracteristica cero o mayor que 18 (ver [PV1, PV2)),
y recientemente BP5(K) donde K es el campo de funciones de una curva
algebraica en caracteristica positiva y suficientemente grande (ver [SV]).

Representation of squares by monic second degree polynomials in
the field of p-adic meromorphic functions

En el Capitulo 3 se resuelve un andlogo del problema de Biichi para M,
(funciones meromorfas p-adicas) con el objetivo de mejorar los resultados
existentes de indecidibilidad para el anillo de funciones enteras p-adicas y
el campo de funciones meromorfas p-adicas. También se estudiardan gen-
eralizaciones al problema de Biichi para campos de funciones de curvas en
caracteristica cero, para el campo de funciones meromorfas complejas, y con-
secuencias de la conjetura de Lang en generalizaciones al problema de Biichi
para extensiones finitas de Q adaptando las técnicas de Vojta.
Mas precisamente, consideremos los lenguajes

L7 ={0,1,+,-, 2},

Ly ={0,1,+,-, z,ord},
L£;={0,1,+, P, f.}, and
L5 ={0,1,+, P, f,,ord},

donde P, y ord son simbolos de relaciones unarias, y f, es un simbolo de
funcion unaria. En anillos de funciones en la variable z, el simbolo z se
interpreta como la variable, Py(x) se interpreta como “x es un cuadrado”,
f.(x) se interpreta como “x — zz”, e interpretamos ord(x) como “ord,(z) >
0” (siempre y cuando tenga sentido en el anillo considerado).

Definimos A, como el anillo de funciones analiticas p-adicas y M, como
el campo de funciones meromorfas p-ddicas en la variable z. El siguiente
resultado fue probado en [LP].

Teorema. (Lipshitz-Pheidas) La teoria positiva existencial de A, en el
lenguaje L% es indecidible.
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El siguiente resultado fue probado en [Vi].

Teorema. (Vidaux) La teoria positiva existencial de M,, en el lenguaje L},
es indecidible.

Con el objetivo de poder obtener resultados similares en los lenguajes £3
y L3 respectivamente, se resuelven en el Capitulo 3, los andlogos del Prob-
lema de Biichi en A, y M,

Teorema. Sea P € A,[X] un polinomio mdnico de grado 2. Si P(a) es un
cuadrado en A, para al menos 13 valores de a € C,,, entonces o bien P tiene
coeficientes constantes o bien P es un cuadrado en A,[X]

Teorema. Sea P € M,[X]| un polinomio mdnico de grado 2. Si P(a) es
un cuadrado en M, para al menos 35 valores de a € C,, entocnes o bien P
tiene coeficientes constantes o bien P es un cuadrado en M,[X].

Nota que el resultado para funciones analiticas es una consecuencia (pero
con otra constante) del resultado para funciones meromorfas. Este resultado
para funciones analiticas era parte de mi tesis de magister [P], pero decidi
incluirlo en este trabajo por la conveniencia del lector ya que su demostracion
es mucho més simple que el resultado para meromorfas.

También en el Capitulo 3 se demuestran resultados analogos a lo ante-
rior para el campo de funciones meromorfas complejas y para el campo de
funciones de una curva algebraica en caracteristica cero. Ademads, se explo-
ran analogos para campos de numeros asumiendo una conjetura de Lang-
Bombieri. Estos resultados extienden los resultados en [Vo2].

Para campos de nimeros, los resultados que se obtienen (bajo la Conje-
tura de Bombieri-Lang) tienen consecuencias directas en investigaciones de
autores de computacién y de teoria de nimeros (ver [Al, Bre, BB, Pi]) que
buscan secuencias largas de cuadrados de enteros con segundas diferencias
constantes no necesariamente 2, implicando (asumiendo que la conjetura de
Bombieri-Lang es cierta para superficies) que para una constante D dada,
hay un largo acotado para secuencias no triviales de cuadrados con segundas
diferencias iguales a D.

10
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Definibilidad Uniforme e Indecidibilidad en Clases de Estructuras

Otro mejoramiento posible al Décimo Problema de Hilbert en otros anillos
es considerar una familia de anillos sobre un mismo lenguaje £ y tratar de
mostrar la (no) existencia de un algoritmo para decidir si una £-férmula se
satisface para todos ellos, para alguno de ellos o para infinitos de ellos, entre
otros casos. Una de las principales motivaciones desde el punto de vista légico
para considerar un problema de esta naturaleza es que en una situaciéon asi es
necesario estudiar definiciones y codificaciones uniformes sobre una familia
de estructuras.

Este campo de investigacion parece haber sido poco explorado. Pueden
ser considerados como relevantes los trabajos [Ax, AxK12, AxK3, CHr, Hr,
Mac, Rum].

En el Capitulo 4 abordamos problemas de (in)decibilidad uniforme para
familias de estructuras. Por ejemplo, es sabido que dado un sistema de
ecuaciones diofantinas S sobre Z, existe un algoritmo para saber si S posee
o no soluciones moédulo p para infinitos primos p (basta con chequear si
el sistema tiene alguna solucién compleja o no - ver [Nav]). Extendiendo
este resultado cabe preguntarse si existe o no un algoritmo para saber si un
sistema diofantino S como el anterior admite (o no) soluciones en F,[z] para
infinitos primos p, cuando se permiten condiciones de “no constante” sobre
algunas de las incognitas. En realidad, la condicién ‘para infinitos primos p’
podria reemplazarse por condiciones como “para al menos un p” o “para todo
primo p”. En el Capitulo 4 se consideraran estos problemas y extensiones a
los mismos para familias méas generales de anillos de funciones.

En particular se demuestra el siguiente teorema:

Teorema No existe algoritmo alguno que permita resolver los siquientes
problemas:

Decidir si un sistema diofantino con condiciones de ‘no constante’ sobre
algunas de las incognitas tiene solucion en Fp[z] para

1. algun primo p,
2. todo primo p impar,
3. infinitos primos p,

4. todos los primos p, posiblemente salvo un nimero finito,

11
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5. todos los primos p de la forma 4k + 1.

Ver Corolario 4.1.20 para un enunciado mas general.

Para conseguir ésto, una herramienta central son las definiciones uni-
formes, y con particular importancia la definicién uniforme positivo exis-
tencial sobre clases de anillos de funciones en caracteristica positiva de la
relacién “existe un ndmero natural s tal que z = y*" o y = 2" (donde p
es la caracteristica del respectivo anillo). Esto se consigue sobre una am-
plia clase de anillos de funciones en caracteristica p y de manera uniforme.
Asi, en particular, en la férmula que se obtiene no aparece el parametro p.
Definir esta relacién ha sido desde hace tiempo un punto central para var-
ios autores al momento de codificar los enteros en un anillo de funciones en
caracteristica positiva (ver por ejemplo, en orden cronoldgico, [De2], [Phl],
[Ph2], [KR], [S1], [PZ1], [S2], [Ei] y [ES]) y esta es la primera vez que se con-
sigue hacer con féormulas positivo existenciales que no dependen de p. Para
mayores detalles, ver el Capitulo 4.

Conclusion

En resumen, los resultados que se consiguen en los capitulos 3 y 4 se relacio-
nan principalmente con las siguientes problematicas:

1. Resolver el andlogo del Problema de Biichi para M,,.

2. A partir de los resultados que obtenemos relativos al Problema de Biichi
en M, demostrar la indecidibilidad de la teoria positiva existencial de
M, en el lenguaje L3.

3. Asumiendo la conjetura de Lang, resolver generalizaciones del prob-
lema de Biichi sobre extensiones finitas de QQ y, en general, estudiar la
representacion de cuadrados en K por polinomios moénicos de segundo
grado que no son cuadrados de K|x].

4. Desarrollar y estudiar un concepto adecuado de definibilidad uniforme
sobre familias de estructuras.

5. Desarrollar técnicas de codificacién uniforme sobre familias de estruc-
turas, para obtener resultados fuertes de indecidibilidad sobre clases de
estructuras.

12
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6. Definicién uniforme de la relacién “existe un nuimero natural s tal que
S S . . .
xr = y?” oy = xP” sobre clases amplias de anillos de funciones en
caracteristica positiva.

1.2 In English

Important Note: Notation in Chapters 3 and 4 are independent.

1.2.1 Description of Contents

The present work is structures in the following way:

e In Section 1.1.2 of this Chapter we give a general abstract of results
obtained in the thesis. Specific introductions are given at the beginning
of Chapters 3 and 4.

e In Chapter 2 we introduce some preliminary material of Mathematical
Logic which will be necessary in Chapters 3 and 4 and we fix notation.

e Chapter 3 contains new results. It is written in English and has its
own introduction where we detail the context of this research work and
we present several known results. It also contains a section with new
results. There we study the representation of squares by means of poly-
nomials of degree two in various fields, mainly over p-adic meromorphic
functions, and deduce consequences in Logic.

e Chapter 4 corresponds to a joint work with Thanases Pheidas (coadvi-
sor of this Thesis) and Xavier Vidaux (advisor). As in Chapter 3, it is
written in English and it contains its own introduction explaining the
context and giving various new results. There we study uniform defin-
ability and encodability over families of structures, in order to obtain
some strong undecidability results.

e Finally, Chapter 5 contains a list of open problems that naturally arise
from this work. It is written in Spanish and in English.

13
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1.2.2 Abstract

In Chapter 3 we prove a result on the representation of squares by monic
second degree polynomials in the field of p-adic meromorphic functions in
order to solve positively Biichi’s n squares problem in this field. Using this
result, we prove the non-existence of an algorithm to decide whether a system
of diagonal quadratic forms over Z[z] represents or not in the ring of p-adic
entire functions (in the variable z) a given vector of polynomials in Z[z], and
a similar result for p-adic meromorphic functions when the systems allow
vanishing conditions on the unknowns. This improves the negative answers
for the analogue of Hilbert’s Tenth Problem for these structures, for the
cases in which such answers have been given. We also improve some results
by Vojta concerning the case of complex meromorphic functions, the case of
function fields and finally the case of number fields, and show an intimate
relation of the latter with Bombieri’s conjecture for surfaces over number
fields.

In Chapter 4 we obtain several definability and uniform encodability re-
sults in various families of structures, and from those, we deduce several
uniform undecidability results. For example, the relation “z # y” can be
defined in a uniform way over the language of rings in the family of all fields
by means of the formula

Juzu =1+ yu.

The study of the general concept of uniformity will allow us to obtain tech-
niques for proving results of the following type: There is no algorithm to
decide whether or not a system of Diophantine equations with conditions of
the type “x is non constant” over some variables =, admits a solution in F,[z]
for infinitely many p. This contrasts strongly with the analogous situation
over [F,, where it is known that there is an algorithm to decide whether or not
a system of Diophantine equations has a solution in F, for infinitely many
p (actually, it is enough to verify whether or not the system has a solution
in C, which can be done effectively). Moreover, we obtain a definition of
the relation “there exists a natural number s such that x = y*" or y = 27”7
over a wide class of rings of functions of positive characteristic p, such that
the obtained formula is positive existential and does not use the number p
(in particular, for some classes of rings of algebraic functions whose field of
constants is algebraic over IF,).

14



Chapter 2

Material preliminar -
Preliminary Concepts

2.1 Material preliminar

Con respecto al analisis complejo p-adico (en particular, la Teoria Nevan-
linna no-Arquimediana), el material necesario serd introducido en el mismo
Capitulo 3. A continuacion, introducimos los conceptos basicos de la Légica
Matemaética que usaremos a lo largo de este trabajo. Seguimos la termi-
nologia de Cori y Lascar [CL].

Dado un lenguaje £, una L-estructura es un conjunto M junto con

e una constante por cada simbolo de constante en L,
e una funcién n-aria por cada simbolo de funcién n-aria en L, y
e una relacion n-aria por cada simbolo de relacién n-aria en L.

Usualmente asumimos que los lenguajes tienen un simbolo “=" que se
interpreta como la igualdad.

Cuando hablamos de fdrmulas sobre un lenguaje £ (o de L-férmulas)
entenderemos siempre que se trata de férmulas bien formadas sobre £ (por
ejemplo, la cadena de simbolos IVx no es una férmula para nosotros). Es-

cribiremos F(xy,...,2,) (o en ocasiones F[zi,...,x,] cuando la otra no-
tacién es ambigua) para indicar que la férmula F' tiene sus variables no cuan-
tificadas (o variables libres) entre las variables x1, ..., z,. Si una férmula no

tiene variables libres, decimos que es un enunciado o una formula cerrada.
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2.1. Material preliminar

Una férmula es positiva existencial si sus dnicos cuantificadores (de haber)
son J y sus uUnicos conectores son A y V, sin negaciones.

Si F'es un L-enunciado y M es una L-estructura, decimos que 9 satisface
F o que F es cierta en M (se escribe M = F) si al interpretar F' en 9N
se obtiene una afirmacién verdadera en 9. Por ejemplo, con el lenguaje
L£=1{0,1,+,} tenemos

ZEdxdyr-y=x+1
(tomar x =1,y =2) y
Z¥ IaVyr+y=y+y.

Si 9N es una L-estructura con conjunto base M y si C' C M™ diremos que
una férmula F'(x1, ..., x,) define el conjunto C'si para todo (ay, ..., a,) € M™
se tiene: la férmula F(ay,...,a,) es cierta en M si y sélo si (aq,...,a,)
pertenece a C' (donde F'(ay,...,a,) es el enunciado obtenido a partir de
F(z4,...,x,) al reemplazar cada x; por a;). Diremos que C' C M" es (pos-
itiva existencialmente) definible en 9t sobre £ si hay una férmula (positiva
existencial) que lo define. Una funcién es definible si su gréfico es definible.

Por ejemplo, el teorema de Lagrange asegura que la relacion z < y es
positiva existencialmente definible en Z sobre el lenguaje de anillos L4 =
{0,1,+, -} por medio de la férmula

F(z,y): 333wy Tvgy = v + 25 + 25 + 23 + 25

donde cada simbolo de tipo “22” es solamente una notacién para “z - 2”.

Una teoria de una L-estructura 9 es un conjunto de enunciados de £
que son verdaderos en 9. En particular la teoria positiva existencial de I
sobre L es el conjunto de todos los L-enunciados positivo existenciales que
son ciertos en 9.

Un conjunto C' C N" es decidible si hay un algoritmo (una méquina
de Turing) que calcula su funcién caracteristica. Es posible codificar de
manera efectiva (computable) todos los £ 4-enunciados dentro del conjunto
N, es decir, asociar un nimero natural tnico (nimero de Godel) a cada L 4-
enunciado. Sea G el conjunto de niimeros de Godel. La respuesta negativa del
Décimo Problema de Hilbert implica que el subconjunto G?° de GG de niimeros
que son numeros de Godel de un enunciado positivo existencial cierto en
N, es indecidible. De esta forma, no hay un algoritmo para decidir si una
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férmula positiva existencial sobre £4 es cierta en N. Como el simbolo “>”
es positivo existencialmente L 4-definible sobre Z, es posible transformar de
manera efectiva una £ 4-férmula F' positiva existencial en otra F’ (cambiando
cada ocurrencia de tipo “Jz” por “dr > 0”) tal que N = F'siy sélosi Z = F.
Asi, se deduce que la teoria positiva existencial de Z es indecidible (no hay
un algoritmo para decidir si una féormula positiva existencial sobre £, es
cierta en Z, pues si lo hubiera lo aplicamos a F’). Se concluye (observando
como son constituidas las férmulas positivas existenciales sobre L£4) que no
hay un algoritmo para decidir si un sistema de ecuaciones diofantinas tiene o
no una solucién entera. Un argumento similar (aunque generalmente mucho
mé&s complicado) de definibilidad y/o codificacién nos permitird demostrar
indecidibilidad para otros problemas.

2.2 Preliminary Concepts

With respect to p-Adic Complex Analysis (and in particular, for the non-
Archimedean Nevanlinna Theory), the necessary basic concepts will be in-
troduced as they are needed in Chapter 3. In the rest of this section, we
introduce the basic concepts from Mathematical Logic that we will use all
along this work. We follow the terminology of Cori and Lascar [CL].

Given a language £, an L-structure is a set M together with

e an element of M for each constant symbol in L,
e an n-ary function for each n-ary function symbol in £, and

e an n-ary relation for each n-ary relation symbol in L.

7

Usually we assume that the languages have a symbol “=" which is inter-
preted as equality.

By a formula over a language L (or L-formula), we mean a well-formed
formula over £ (for example, the string of symbols IVz is not a formula
for us). We will write F(z1,...,z,) (or sometimes F[zy,...,z,] when the
other notation is ambiguous) to indicate that the formula F' has all its non-
quantified variables (or free variables) among x1,...,x,. If a formula does
not have free variables, we call it a sentence or a closed formula. A formula
is positive existential if all its quantifiers (if any) are existential and A and

V are the only connectives, with no negation symbols.
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2.2. Preliminary Concepts

If F'is an L-sentence and M is an L-structure, we say that 9 satisfies
F or that F is true in 9 (written 9 |= F') if the interpretation of F' in 9
is true in M. For example, with the language £ = {0, 1,4+, -} we have

ZEdxIyxr-y=x+1
(choose x = 1,y = 2) and
LZ¥E JVNyr+y=y+vy.

If M is an L-structure with base set M and if C' C M™, we will say that

a formula F(xy,...,z,) defines the set C if for each (ay,...,a,) € M"™ we
have: the formula F'(ay, ..., a,) is true in M if and only if (a4, ..., a,) belongs
to C' (where F(ay,...,a,) is the sentence obtained from F(xy,...,z,) after

replacing each z; by a;). We will say that C' C M™ is (positive existentially)
definable in 9t over L if there exists a formula (positive existential) that
defines it. A function is definible if its graph is definable.

For example, the theorem of the four squares of Lagrange implies that
the relation x < y is positive existentially definable in Z over the language
of rings L4 = {0, 1, +, -} by means of the formula

F(z,y): 3o,3m303304y = o + 25 + 25 + 23 + 2]
where each symbol of the type “22” is just a notation for “z - 2”.

A theory of an L-structure 9 is a set of sentences of £ which are true in
M. In particular, the positive existential theory of 91 over L is the set of all
positive existential £-sentences which are true in 9.

A set C' C N" is decidable if there is an algorithm (a Turing machine) that
computes its characteristic function. It is possible to code in an effective way
all £ 4-sentences within the set N, namely, to mechanically associate a unique
natural number (Gddel number) to each L 4-sentence. Let G be the set of
Godel numbers. The negative answer to Hilbert’s Tenth Problem implies
that the subset GP¢ of G of numbers which are Godel numbers of positive
existential sentences true in N, is undecidable. Therefore, there is no algo-
rithm to decide whether or not a positive existential formula over L4 is true
in N. Since the symbol “>” is positive existentially £ 4-definable over Z, it is
possible to transform in an effective (mechanical) way a positive existential
L 4-formula F' into another such formula F’ (by replacing each occurrence
of “Jx” by “Jx > 0”), such that N = F' if and only if Z = F’. Hence, we
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2.2. Preliminary Concepts

deduce that the positive existential theory of Z is undecidable (there is no
algorithm to decide whether or not a positive existential formula over L4 is
true in Z, as otherwise we would apply it to F’). We conclude (observing how
are made up positive existential formulas over £ 4) that there is no algorithm
to decide whether or not a system of Diophantine equations has an integral
solution. A similar argument (though usually much more complicated) of
definability and/or codification will allow us to prove undecidability results
for a variety of other problems.
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Chapter 3

Representation of squares by
monic second degree
polynomials in the field of
p-adic meromorphic functions

3.1 Introduction

In 1970, after the work developed by M. Davis, H. Putnam and J. Robin-
son, Hilbert’s Tenth Problem was answered negatively by Y. Matiyasevic
(see [Mat] or [Dal]). In logical terms, it was shown that the positive exis-
tential theory of Z in the language of rings Lr = {0, 1, +, -} is undecidable,
which means that there exists no algorithm to decide whether a system of
diophantine equations (or equivalently, a single diophantine equation) has
integer solutions or not. For a general survey on Hilbert’s Tenth Problem
and extensions of it, see for example [PZ2] or [Po] (see [S3] for results about
number fields and function fields).

Soon after the problem was solved, J. R. Biichi proved in an unpublished
work (see [L] or [Maz]) that a positive answer to a certain problem in Number
Theory (which we write here BP(Z)) would allow to show that there exists
no algorithm to decide whether a system of diagonal quadratic forms over Z
represents or not a given vector of integers.

The number-theoretical problem BP(Z) is based on the following obser-
vation. If we consider the first difference of a sequence of consecutive integer
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3.1. Introduction

squares (for example 1,4,9,16), we obtain a sequence of consecutive odd in-
tegers (in our example 3,5,7). Hence, the second difference is the constant
sequence (2). One may ask whether a sequence of squares having second dif-
ference equal to the constant sequence (2) must be a sequence of consecutive
squares. The sequence 62,232,322, 392 shows that it is not true in general.

Problem 3.1.1 (BP(Z)). Does there exist an integer M such that the fol-
lowing happens:

If the second difference of a sequence (x2)M, of integer squares is constant
and equal to 2, then there erists an integer v such that 2 = (v +1)? for
i=1,...,M (that is, the squares must be consecutive).

This problem became known as the n Squares Problem or Biichi’s Prob-
lem. Numerical evidence suggests that M = 5 should work (see for example
[Pi]), but BP(Z) still is an open problem.

Assuming a positive answer to BP(Z), Biichi was able to prove, using
the negative answer given to Hilbert’s tenth problem and assuming a pos-
itive answer to BP(Z), the non-existence of an algorithm for the problem
of representation of a vector of integers by diagonal quadratic forms. The
problem of the existence of such an algorithm can be shown to be equivalent
to the problem of decidability of the positive existential theory of Z over the
language Lo = {0, 1, +, P2}, where Py(x) is interpreted as “z is a square”.

In order to get similar consequences in Logic for other rings of interest,
and motivated by the arithmetical interest of the problem, several authors
have studied variants of BP(Z). A natural thing to do is to replace the ring
Z, by another commutative ring A with unit. Depending on the ring, we
sometimes need to make additional hypothesis in the statement of BP(A):

e If A is a ring of functions of characteristic zero in the variable z, then
we ask for at least one x; to be non-constant.

e If A is a ring of positive characteristic, then we ask M to be at most
the characteristic of A.

For variants on Biichi’s problem (for example, considering sequences whose
second difference is a constant sequence (m) for some m not necessarily = 2),
see [Al] and [BBJ. For the problem BP(A) with A a ring, we know that the
following cases (among various others) have a positive answer: BP?(F,) with
p > 2 (see [He]), BP*(M) where M is the field of complex meromorphic
functions (see [Vo2]), BP?(F(z)) where F(z) is the field of rational functions
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3.1. Introduction

over a field of characteristic 0 or p > 19 (see [PV1, PV2]). Moreover, Biichi’s
problem has a positive answer even in the case of function fields of curves (see
[Vo2| for the characteristic zero case and see [SV] for ‘large enough’ positive
characteristic). Under a conjecture in Diophantine Geometry, Vojta showed
in [Vo2] that BP?*(Q) would have a positive answer (hence BP?(Z) would
have a positive answer). See [PPV] for a survey on Biichi’s problem and its
variants.

The positive existential Lo-theory of a ring is usually much weaker than
its positive existential Lg-theory. But when Biichi’s problem has a positive
answer for a ring A then those theories for A are (in general) equivalent.
This is what happens for example for p-adic analytic functions and for p-adic
meromorphic functions (see Section 3.2.2).

We will solve BP(A) for some rings of functions, namely, the field of
p-adic meromorphic functions, the field of complex meromorphic functions
and function fields of curves in characteristic zero by showing in each case
a somewhat stronger result on representation of squares by polynomials, in
the spirit of the following:

Given a ring B and a subset A of B, there exists a constant M satisfying

the following condition:
For any set {a,...,apn} of M elements in A, there exists a ‘small’ set E C
B[X] such that, if a monic polynomial of degree two P € B[X]| has the
property that each P(a;) is a square in B, then P € E or P is a square in
B[X].

We will prove such a result for number fields, but assuming that the
following conjecture by Bombieri holds for surfaces.

Conjecture 3.1.2 (Bombieri). If X is a smooth projective variety of general
type defined over a number field K/Q, then X (K) is contained in a proper
Zariskr closed set of X.

The results for function fields, complex meromorphic functions and num-
ber fields are based on Vojta’s work on Biichi’s problem (see [Vo2]), where he
solved Biichi’s problem for complex meromorphic functions, function fields
and (assuming the above conjecture) for number fields. The results related
to the p-adic setting are proved in a completely different way from Vojta’s
proof for the complex meromorphic case, and indeed, our proof is closer to
the ideas in [PV1, PV2].

On the one hand, from an arithmetic point of view, our interest is not
only in solving Biichi’s problem in some structures, but also understand how
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many times a second degree polynomial which is not a square, can represent
a square.

On the other hand, from the point of view of Logic, our main interest
in solving Biichi’s problem for p-adic meromorphic functions is that some
analogues of Hilbert’s Tenth Problem for the ring of p-adic analytic functions
(see [LP]) and the field of p-adic meromorphic functions (see [Vi]) have been
proved to be undecidable (those problems are open in the complex case).
Those results allow us, in the p-adic case, to derive consequences in Logic
from Biichi’s problem. This will be explained below in Section 3.2.2.

We also refer the reader to [Del] where is developed a general method
used to solve negatively analogues of Hilbert’s Tenth Problem for rings of
functions.

3.2 Main results

In this section, we present the statements of the results proven in this work.

3.2.1 Representation of squares in the field of p-adic
meromorphic functions

Let p be a prime number and let C, be the field of p-adic complex numbers
(the completion of the algebraic closure of the field Q, of p-adic numbers).
Throughout the paper, one can replace C, by any algebraically closed field of
characteristic zero, complete with respect to a non-trivial non-Archimedean
valuation.

Let A, be the ring of entire functions over C, and let M,, be the field of
meromorphic functions over C,. We prove the following theorem on repre-
sentation of squares by polynomials.

Theorem 3.2.1. Let P € M,[X] be a monic polynomial of degree two. If
P(a) is a square in M,, for at least 35 values of a € C,, then either P has
constant coefficients or P is a square in M,[X].

By solving the second order recurrence implied in the statement of Biichi’s
problem, we can use the above theorem to show the following.

Corollary 3.2.2. The problems BP(A,) and BP(M,) have a positive an-

swer.
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3.2. Main results

Theorem 3.2.1 can be improved for the ring A, of p-adic entire functions
in the following way.

Theorem 3.2.3. Let P € A,[X]| be a monic polynomial of degree two. If
P(a) is a square in A, for at least 13 values of a € C,, then either P has
constant coefficients or P is a square in Ay[X].

The proof of Theorem 3.2.3 is shorter and simpler than the proof of Theo-
rem 3.2.1. Indeed, the method used in the proof of Theorem 3.2.3 essentially
is a p-adic simplified version of the method in [PV1, PV2]|. Unfortunately,
several technical difficulties arise when we consider the problem for M,,, and
this requires the use of Nevanlinna theory and some combinatoric arguments.

We will prove these results in Section 3.4 and Section 3.5. In Section 3.3,
the reader will find some general results from p-adic Complex Analysis that
we will need later in the proofs.

3.2.2 Undecidability for p-adic entire and meromor-
phic functions in Biichi’s language

Corollary 3.2.2 allows us to obtain very strong undecidability results for p-
adic analytic and meromorphic functions, improving results by Lipshitz and
Pheidas, and by Vidaux. In order to state the theorems, we need to introduce
some notation.

Recall that A, stands for the ring of entire functions over C,, and M,
stands for the field of meromorphic functions over C,, with variable z.

By a diagonal quadratic equation over a ring A we will mean an equation
of the form

ama: 4 aprl =b

where the a; and b are elements of A and the z; are the unkowns.
Define the following languages:

% ={0,1,+,-, 2},
Ly ={0,1,+,-, z,ord},
L3 ={0,1,+, P, f.}, and
L5 ={0,1,+, Py, f.,ord},

where P, and ord are unary predicate symbols, and f, is a unary function
symbol. In A, and M,, P(x) is interpreted as “z is a square”, f.(x) is
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interpreted as “x +— zz”, and we interpret ord(z) as “z(0) = 0” (all other
symbols are interpreted in the obvious way).

Theorem 3.2.4. Multiplication is positive existentially definable in M,, and
in A, over the language L3.

See Section 3.6 for a proof.
We recall that the following two theories are undecidable: the positive
existential theory of A, in the language L% (see [LP]) and the positive exis-

tential theory of M, in the language L3, (see [Vi]). From this and Theorem
3.2.4 we deduce:

Theorem 3.2.5. The positive existential theory of A, in the language L3
and the positive existential theory of M, in the language L5 are undecidable.

This result allows us to prove the following (see Section 3.6).

Theorem 3.2.6. There is no algorithm to solve any of the following prob-
lems:

1. Given a system of diagonal quadratic equations

r
2 .

E a'ijxi:bj ]:1,...,8

i=1

with all the a;; and b; in Z[z|, to decide whether or not the system has
a solution in A,.

2. Given a system of diagonal quadratic equations

r
2 .

E Ojl'jilfl-:bj jzl,...,S

i=1

with all the a;; and b; in Z[z], and given a set I C {1,...,r}, to decide
whether or not the system has a solution in M, satisfying x;(0) = 0
for each i € 1.
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3.2.3 Representation of squares in number fields

The statements given below will be proved in Section 3.9.

Theorem 3.2.7. Assume Bombieri’s Conjecture 3.1.2 holds for surfaces.
Let K be a number field and {ay, . ..,as} a set of eight elements in K. There
exists a finite (possibly empty) set E = E(K, (a;);) of polynomials in K|[z]
such that the following holds : for each polynomial f of the form

2* +ar +b € K[z],

if f(a;) are squares in K for each i then either f € E, or f = (z + ¢)? for
some c € K.

This theorem is an extension of Theorem 0.5 in [Vo2]. The method used
to obtain this result is essentially an adaptation of the method by Vojta in
[Vo2].

It is an obvious but remarkable fact that, if one could find a number field
K and a sequence a = (ay,...,ag) of distinct elements of K such that the
set E(K,(a;)) is infinite, then one would automatically obtain a counterex-
ample to Bombieri’s Conjecture. On the other hand, showing finiteness for
E(K,(a;)) for some K and some sequence (a;) would give a new example of
a surface (over K') where Bombieri’s question has a positive answer. We are
not able to prove nor disprove the finiteness of the set F(K, (a;)) in any case.

From the finiteness of the sets F(K, (a;)) one can easily derive the fol-
lowing (see Section 3.9).

Corollary 3.2.8. Assume that Bombieri’s conjecture holds for surfaces de-
fined over Q. Let ay,as, ... be a sequence of integers without repeated terms.
There exists a constant M (depending on the sequence (a;);) such that: if a
polynomial f = x* + ax + b € Q|x] satisfies the property “f(a;) is a square
inZ fori=1,...,M”, then f is of the form f = (x + c)?, for some c € 7Z.

Observe that the dependence of M on the sequence cannot be dropped.
Consider for example the polynomial fy = 22 —4(2N)!, where N is a positive

integer, and define
. (2N)!
a; =i + ——.
7!
Then it is obvious that (a;)Y, is a strictly decreasing sequence in Z and each
fn(a;) is a square in Z.
Note that, if in Corollary 3.2.8 we set a,, = n for each n, then we obtain
a positive answer to Biichi’s Problem for Z (under Bombieri’s Conjecture).
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3.2.4 Representation of squares for function fields and
for complex meromorphic functions

The geometric results in Section 3.7 will be used in Section 3.9 to prove the
following theorems, analogues to Theorem 3.2.1.

Theorem 3.2.9. Let F' be a field of characteristic zero and C' a non-singular
projective curve defined over F. Define the integer M = max{8,4(g + 1)}
where g is the genus of C. Write K(C) for the function field of C' and let
X be transcendental over K(C). Let P € K(C)[X] be a monic polynomial
of degree two. If P(a) is a square in K(C) for at least M wvalues of a € F,
then either P has constant coefficients or P is a square in K(C)[X].

Theorem 3.2.10. Write M for the field of meromorphic functions on C.
Let P € M[X] be a monic polynomial of degree two. If P(a) is a square in
M for at least 8 values of a € C, then either P has constant coefficients or
P is a square in M[X].

These theorems give as a direct consequence a positive answer to Biichi’s
problem in the respective cases, but such a positive answer is not new since
it was proved in [Vo2] for both cases. Moreover, Biichi’s problem for this
kind of rings was solved recently by a new method in characteristic zero and
(large enough) positive characteristic in [SV].

3.3 Some results in p-adic Nevanlinna Theory

First we present the notation we use for the usual functions in p-adic Nevan-
linna Theory.

We will work over the field C, with absolute value |- |,. Write A, for the
ring of entire functions over C, and M, for the field of meromorphic functions
over C,. We denote by F'* the positive part of a function F' whose image is
included in R, that is F'* = max{F,0}. We adopt the following notation for
the standard functions in p-adic Nevanlinna theory, where f = % € M, is
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non-zero, and where g, h € A, are coprime:

Blrl={2€C,: |z|, <1}

n(r, h,0) = number of zeros of h in B[r] counting multiplicity
n(r, £,0) = n(r, h,0)
n(r, f,00) = n(r,g,0)
"n(t, h — h
N(r,h,0) = n(t, 2, 0) ; n(0.h,0) n(0, h,0) log r
0
N(r, f,0) = N(r, h,0)
N(r, f,a) = N(r, f — a,0)
N(r, f,00) = N(r,g,0)

|h|, = max |an|pr™, where h(z) = ag + Zanz"
nz

n>1
A,
’f|r =
|g|r
m(r, f,a) = log* !
Y |f —al,

m(r, f) = m(r, f,00) =log" ||,

We recall to the reader that for each r > 0, the function |- |, : M — R is
a non-archimedean absolute value satisfying |a|, = |a|, when a is constant.

We will need the following standard results from p-adic Nevanlinna The-
ory. For a general presentation of p-adic complex analysis, see for example
[Ro, Es|. For references on p-adic Nevanlinna Theory (in particular, for a
proof of the following results) see for example [ChY], [Ru] or the Chapter 11
of [HY].

First we have the Logarithmic Derivative Lemma:

Lemma 3.3.1. If n is a positive integer and f € M, then

f(n)
4

where f™ stands for the n-th derivative.

1
rn

<

r

We will also need the Poisson-Jensen Formula:
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Theorem 3.3.2. Given f € M,, there exists a constant C' depending only
on f such that

10g|f|r:N(T7f70)_N(T7f7OO)+O'

As a consequence of the Poisson-Jensen Formula, we get the First Main
Theorem:

Theorem 3.3.3. Let f € M, be a non-constant meromorphic function and
acC,. Asr — oo we have

Finally, we state the Second Main Theorem:

Theorem 3.3.4. Let f € M, be a non-constant meromorphic function and
let ay,...,aq € C, be distinct. Then, as r — oo we have

> ml(r, fra)) < N(r, f,00) + O(1).

1=1

3.4 p-adic Meromorphic Functions

In this section we prove Theorem 3.2.1.
The following equality will be used many times without mention within
this section:

N(r, f,z) =K +/ Mdt, for large r. (3.1)
1

It will be used systematically in order to deduce inequalities (for large r)
about N when we know inequalities about n (the point is that the integral
is a linear and monotone operator).

In order to simplify the proof of Theorem 3.2.1, we actually will prove
the following equivalent result.

Theorem 3.4.1. Let hy, ..., hy be elements of M,, such that at least one h;

is non-constant. Let aq,...,apn be M distinct elements of C,. If there exist
f,9 € My, with g non-zero, such that

he=(a+f)?-g j=1....M (3.2)
then M < 34.
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For the rest of this section, we will assume that we are under the hypoth-
esis of Theorem 3.4.1. Assuming M > 35 we will obtain a contradiction.

First, we observe that
Lemma 3.4.2. The function f is not constant.

Proof. If f is constant then so is ¢; = (a; + f)?. Note that since some h; is
non-constant, g is non-constant. Taking 7, j and k such that ¢;, ¢;, and ¢
are pairwise distinct constants, the following equality

(hihjhi)* = (c; — g)(c; — g)(ck — g)

gives a non-constant meromorphic parametrization of an elliptic curve over
C,, which is impossible by a theorem of Berkovich (see [Ber]). O

Lemma 3.4.3. Let x € C, be a pole of some h;. There exists an index k
depending on x such that for each i # k we have (simultaneously)

1. ordghy > ord,h;;
2. ord, f > 2ord,h;;
3. ord,g > 4ord h;;
4. ordyh; = ord,h; for all j # k; and
5. ord,h; < —1.
Moreover, for each i we have

1
M—-1

min{ord,h;,0} > Z min{ord,h;, 0} (3.4)
I

and, there exists a positive constant K such that for large enough r and for
each i we have

1

N(r, h;,00) <
(T’ OO)_M—l

> N(r,hy,00) + K. (3.5)
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Proof. Let iy be an index such that h;, has a pole at z.

First suppose that all h; have the same order at x (hence negative). In
this case, Items (1), (4) and (5) hold trivially, Item (2) comes from Equation
(3.3), and Item (3) comes from Equation (3.2). Indeed for Item (3) we have

ord,(g) > 2min{ord,(h;),ord,(f + a;)}
= 2min{ord,(h;),ord,(f)}
= 2min{ord,(h;), 2ord,(h;)}
> dord,h;,

h
h

where the last inequality comes from Item (2).

The other case is when not all h; have the same order at z. Choose &
such that item (1) holds true. By Equation (3.3) for indices k and any i # k,
Item (4) holds true. If ig = k then all h; have a pole at z (by maximality of
k), and if iy # k then by Item (4), for all ¢ # k, h; has a pole at x. Hence
Item (5) holds true. Items (2) and (3) for ¢ # k follow as in the previous
case.

Finally, by Items (1), (4) and (5), and observing that ord,h; could be
positive, we have for each ¢

(M — 1) min{ord,h;,0} = me{ord hi, 0} > me{ord hy,0}.
Ik

Summing for x € B[r] we obtain

(M — 1)n(r, h;,00) < Z (r, hy, 00
l

which gives the inequality (3.5), using Equation (3.1). O

Lemma 3.4.4. The following inequality holds

Zlog|h| + 97

Proof. By the Second Main Theorem 3.3.4, we have for each ¢t =1,..., M

Z log | f

JF

ZNT hn,oo)—l—;]\f( f,00)+0(1) >0

N(r, f,00)+0O(1) < — Zlog Z+aj

J#i

al+aj

r
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3.4. p-adic Meromorphic Functions

Since by Equation (3.3) we have

a; + a;
- =2 - a) (74 25),

we deduce
—N(r, f,00) + O(1) < "log [h? — 13| .
J#
If for a given r, 7, is an index such that |h;|, is minimal, then

D3t |2 —m2l, < Y oglhl,
J#ir i
= C+> (N(r,hj,0) = N(r, hj,o0))
JFir
< C+N(rhi,00) + > (N(r,hy,0) = N(r, hy, 00))

= C'+ N(r,hi,,00) + Y log |hy,

+ Ml— : Zn:N(T‘, hp, 00) + Xn:lOg |l

where the first and second equalities are given by the Poisson-Jensen Formula
3.3.2, the third inequality is given by Lemma 3.4.3 (see Equation (3.5)), and
C, C’, C" are fixed constants (not depending on r nor on i,).

Finally we have

—%N(r, f,o0 Zlog |hi —h3|
J?élr

< Zlog |l + i

for each r large enough, and the lemma is proven. ]

C//

IN

: ZN(T, hy, 00) + C”

Lemma 3.4.5. The following inequalities hold:

n(r, f,00) < MQ_ 1 Zn(r, Py, 00) (3.6)

and

> N(rh,,0) > = > N(r,hy,00) + O(1).

n n

=

—_
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Proof. Observe that by Lemma 3.4.3 (Item (2) and Equation (3.4)) we have

(M — 1)n( foo<22 (r, hj, 00),

hence
(M = 1)N(r, f,00) <23 N(r, hy,00) + O(1).

The second formula comes immediately by Lemma 3.4.4 and the Poisson-
Jensen Formula 3.3.2. O

The equations

het+g = (an+f)
2h;hn+g, = 2f/(an+f)

are directly deduced by reordering and differentiating the one given in the
hypothesis. From this we deduce

(2hphn +g')* = Af(hy + 9)

hence
2 4§72 = dhy (o f — W2hy — Hlg)).
Writing
A = g% —4f"
A, = hof*—h>h, —h g
we have

A = 4h, A, (3.7)

Lemma 3.4.6. If A is not identically zero, then

N(r,A,0) Zthn,o

— > N(r, by, 00) + O(1).

Proof. On the one hand, for a given € C, suppose f has a pole at x and
hj(xz) = 0 for some index j. Set | = ord,(h;) and m = ord,(f). Note that
ord,(g) = 2m because h;(z) = 0 (see Equation (3.2)). Write

hi =wu(z— ) +ug(z — o)™+
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3.4. p-adic Meromorphic Functions

f=vm(z—2)" + vy (z — )"+

and
g = Won (2 — 2)*™ + Wopyr (2 — 2)*™ T 4+
for the Laurent series of h;, f and g at x. Observe that

2

Wom = Uy,-

The first term of the Laurent series at x for respectively h; "2, h;?hj and h'yg’
is, respectively,

m2uzvfn(2 . I)l+2mf2

Pu(z — x)3 2

and

2muv? (z — x)Hm—2

hence

ord, A; =14 2m — 2

since 2] # m. Therefore, we have
ord,A =2(l+m —1).

On the other hand, if z € C, is not a pole of f and is a zero of some h;,
then we have

ord, A > ord,(h;)

because by Equation (3.2), g does not have a pole, hence A; does not have
a pole and we conclude by Equation (3.7).

Let A, be the set of x € BJr] such that f has not a pole at « and h;(x) =0
for some index j, and let B, be the set of z € B[r] such that f has a pole at
x and hj(x) = 0 for some index j. Observe that, by Equation (3.3), no three
of the h,, can share a zero (we use it for the fifth inequality below). We have
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3.4. p-adic Meromorphic Functions

then

n(r,A,0) >

> h%z)u:(() ord, (h;) + h%%i(o 2(ord, (h;) + ord,.(f) —
TEA, € B,

>

> h%g):{(] ord,(h;) + 2 Z fnaxo (ord.(f) — 1)
r€A,UB, xEB,

= max ord,(h;) + 2 (ord,(
z€AUBy €D,

> Z max ord (h;) +4 Z ord,(f)
xGA UB; ha zEB,

> }: (7, hi, 0) — 4n(r, f,00)

Z 521:77/(7’,}1“0)—

Z ord, A + Z ord, A

IEEAr wGBr

8
mZn('r’, hZ,OO)

where the last inequality comes from Lemma 3.4.5. The result follows.

Lemma 3.4.7. If A is not identically zero, then

N(r,A <
(717 700)—M

_1§:N@ﬁmuﬂ+0ﬂ)

1)

]

Proof. Suppose that some x € C, is a pole of A. Then, by definition of A, it
is a pole of f or of g. If none of the h; has a pole at x then by Equation (3.3)
f does not have a pole, and by Equation (3.2), g does not have a pole, which
contradicts our hypothesis. Therefore, some h; has a pole at . Take k as in

Lemma 3.4.3. For each index i # k we have (observing that ord,(h;)
is infinite)

and that if ¢’ = 0 then ord,h.g’

ord, A >

= 8ord,h;.

ord,h; + min{ord,h; f”?, ord,hi*h;, ord, hig'}
> ord,h; + min{7ord h;, bord,h;, Tord, h;}

Hence, using the Lemma 3.4.3 (Equation (3.4)) we have

ord, A >

8
Z min{ord,h;,0}.
M—-1 ;

< -1
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3.4. p-adic Meromorphic Functions

Write D, for the set of poles of A in Br]. We have

n(r,A,00) = Z—ordmA

x€D,
8
< T Z Zmax{—ordmhl,O}
xzeD, 1
8
< 71 Z Z max{—ord,h;, 0}
Il z€eBr]
8
- M_1;n<r7hl7oo)
and the result follows. O

Lemma 3.4.8. For each r > 0 and each v we have
1. log|g|, < max{2log |h;|.,0,2log|f|,} + log max{|a?|,}; and
2. 2log |hil, < max{2log|f|.,0,log|g|.} + log max{|a?|,}.
Proof. Since

|a]r + 1f]r

L < maxja?lr, 117}

‘2aif‘r § ’ai‘r|f‘r S
we have

log |g|, = log |(f + a;)* — h?|,
<log (maX{‘h?’ra |f2‘7"a 2a; f|, |az2‘7“})
<log (maX{‘h?’ra |f2‘7"a |a7,2‘7“})
< max{2log |h|,, 0, 2log | f|,} + log max{|aZ],}.

The other inequality is proved in a similar way.

]

Lemma 3.4.9. 1. Foreachr >0, there exists an index k, such that |hy, |,
is mainimal.

2. There exists a positive constant Ky such that, for any r > 0 and for all
1 # k., we have

log|f|, < max{0,2log |hi|,} + K.
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3. There exists a positive constant K, such that, for any r > 0 and for all

i # k., we have
log |g|, < max{0,4log|h;|.} + K,.

Proof. Ttem (1) is immediate since for each r, the set {|h;|,: i =1,..., M}
is finite. Let us prove Item (2). There exists a positive constant K’ > 1 such
that for each r» > 0, ¢ and 7, we have

2], < 12f + ai + ajr + |a; + a5l < K"+ 2f + a; + a;]- (3-8)
On the other hand, by Equation (3.3) there exists a constant K” > 1 such
that, for any r > 0, i # k, and j, we have
W= h,
a; — akr

h2

a; — A,
< K"|h],

|2f+a2 +aj|r =

T

<

(by Item (1))

T

hence by Equation (3.8)
2f|, < K"|h?|, + K' < K" max{|h}|,, 1} + K'.
Therefore, we have
log | f|, < log(K” max{|hZ|,, 1} + K') — log |2],

< log(K" max{|h}|,,1}) + log K’ + log 2 — log |2|,

< max{2log|h;|,, 0} + K
with Ky is a positive constant greater than log K" 4 log K’ +log 2 — log |2|,,
and where the second inequality comes from the fact that for all real numbers
x,y > 1, we have log(z+y) < log x+logy+log 2 (just write (1—x)(y—1) < 0).

Finally, we prove Item (3). By Lemma 3.4.8 and Item (2), for each i # k,
we have

log |g|, < max{2log |hil,,0,21og | f|,} + log max{|a], }
< max{2log |h|,, 0, 2max{0, 2log ||, } + 2K} + log max{|a;|,}
< max{2log |h|, + 2K;,2K;,41og |hi|, + 2K} + log max{|af|, }
< max{0, 4log |h;|. } + K,

where K, is a fixed positive constant bigger than 2K + log max{|a?|,}. O
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3.4. p-adic Meromorphic Functions

Lemma 3.4.10. [fA 15 not identically zero, then
log |Al, < Zlog\h | + ZN 7, hp, 00)—2log r+O(1).

Proof. By the Poisson-Jensen Formula 3.3.2 and Lemma 3.4.3 (Equation
(3.5)) we have for r large enough and for each ¢
log |hi|, = N(r, hi,0) — N(r, h;,00) + C
> —N(r, h;,00) +C

)+

) ny

for some constant C' and negative constant C’. So we have

1 !
. — > (). .
log|hz|r—|—M . gn N(r, hyp,00) = C" >0 (3.9)

Given r > 0 take k, as in Lemma 3.4.9. Choose i, such that |h;, |, is
minimal in {|h;|,: ¢ # k. }, and note that

log | A, |-

z;ékr

By Item (2) in Lemma 3.4.9, we have for each r large enough

log | f]» < max{0,2log|h;,|,} + K;

2
< — 1 ; K
_max{O,M_lz oglhzlr}—l— 7

ik,

<(3 9) max {
z;ﬁkr

2
1
M—l <0g|hkr|T+M

< max {0,

2C"
_1 ZNThZ,oo} U 1+Kf.

12N(r,hi,oo)—0'>}+[(f
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Similarly, by ITtem (3) in Lemma 3.4.9 we have for each r large enough

log |g|, < max{

4C"
_1 Zthl,oo} 7 1+Kg.

Hence, for large enough r we get

log | f], <max{ Zthn,oo}—i-(’)(l)
(3.10)
log |gl, < max{ ZN 7, B, 00) } +0(1).
(3.11)

From Lemma 3.3.1 (Logarithmic Derivative Lemma) we have for large
enough r and each index n

8]y < haly mas 2], (B, 1} < gl manc 71, 2 gl )
By Lemma 3.4.8, we have
2log |hy |- < max{2log|f|,0,log|g|.} + O(1),
hence, since A is not the zero function
g ], < og (5 11a[2) + max(21og 1,0 loglal,} + O(1),
Since this last expression is true for each n, we have
log |Al, < % Zlog\hn|r—2logr+max{210g | flr,0,1og |g]-}+O(1). (3.12)

Note that by equations (3.10) and (3.11) we have

max{2log|f|,,0,log|g|,.} < max{

ﬁ ZN(T’, hy, oo)} + O(1)
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where the right-hand part is of the form max{0, A} + O(1), and, by Lemma
3.4.4, we have

2
A+ 2 N(r f00) +O(1) 2
Hence,
max{0, A} + O(1) = max f,00), A+
N(r,f,oo)}— N(r, f,00)
< (V0. o) + A+ 5 Nl g00) + O
_M_lN(T>faOO)

and replacing A by its expression we get

Zlog|h\ + Zthn,oo
2

+ 7 1N(r,f,oo) +(’)(1).

Therefore, by Equation (3.12), we find that log |Al, is less than or equal

2 4
(M T )Zlog|h |- — 2log r+

ﬁ S N oy 00) £ s N, £,00) +O(1).

Finally, we bound N(r, f, 00) using Lemma 3.4.5 and the result follows. O
Lemma 3.4.11. We have A = 0.

Proof. Assume that A is not identically zero. By the Poisson-Jensen Formula
3.3.2, we have

max{2log |f|,,0,log|gl,} S

to

log |Al, = N(r,A,0) — N(r, A, 00) + O(1).
Lemmas 3.4.6, 3.4.7 and 3.4.10 allow us to bound log|A|, above and below,

obtaining

6M 2
Zlog\h |\ +

—1)?
8 8
§Z_M—1[_M—1[+O()

— 1 —2logr >

41



3.4. p-adic Meromorphic Functions

where we write Z = > N(r, h,,0) and I = > N(r, hy,,00). Using again the
Poisson-Jensen Formula 3.3.2 we have

> loglhaly = Z — I+ O(1).

Together with Lemma 3.4.5, it gives

1 6M—2
Ologr> (2o T2 ),
Ogr-(z M(M—l)) +

6M — 2 16 8
M(M—l)_M—l_(M—1)2>[+O<1)
(L 6M-2 \M-3 10M-2\,

= (§_M(M—1))M—1_M(M—1)2) N

% _ —]\46(]‘]@__21)) 0(1) + O(1)

1 6M—-2 \M—-3 10M2-2
(§_M(M—1))M—l_M(M—1)2)I+O(1>

= I+0(1).

Since
e —2logr goes to —oo as r goes to oo,
e [ +0O(1) >0, and

M? —35M + 8

>0 for M >
SN(M — 1) > 0 for > 35,

we obtain a contradiction. OJ

As a number of methods have been developped for other analogues of
Biichi’s problem, at this point we may use various different techniques in
order to finish the proof of the theorem. We present the method from [PV1,
PV2] using elliptic curves, since by a theorem by Berkovich we know that
those are not parametrizable by meromorphic functions over C,.

Since A is the zero function, we have

% = 4f"g. (3.13)
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Hence there exists a meromorphic function u such that ¢ = u? and Equation
(3.13) becomes
4ul2u2 _ 4f/2U2.

Since g is non-zero by hypothesis, this implies /> = f?. Hence u = af + b
for some o € {—1,1} and b € C,, and we obtain
hi:(an‘i’f)Q_uz

= (ay + f)* = (af +0)*

= (an + f)* = (f + ab)’

= (a, — ab)(a, +ab+2f).

Choosing three distinct indices 4, j and k such that a,, —ab # 0 for n = i, j, k,
we obtain

( hih;hy,
V/(a; — ab)(a; — ab

Since f is not a constant (by Lemma 3.4.2), we obtain a non-constant
parametrization of the elliptic curve

) (a, — ab)) = (a;+ab+2f)(a;+ab+2f)(ax+ab+2f).

Y? = (a; + X)(a; + X)(ap + X)

which is impossible by Berkovich’s Theorem. This finishes the proof.

3.5 p-adic Entire Functions

In this section we prove Theorem 3.2.3.

The purpose of this section is to prove Theorem 3.2.3. Up to some adap-
tations for the p-adic setting, the proof goes along essentially the same lines
as the solution of Biichi’s problem for C|z] using the method of Pheidas and
Vidaux (see for example [PV1] for the paper where this method was used by
first time, or [PPV] for a quite simplified exposition in the particular case
C[x], which is closer to the case of p-adic entire functions) and we include it
here just for the sake of completeness.

We prefer to avoid the use of Berkovich’s theorem and replace it by an
elementary argument on factorization.

In order to simplify the proof, we will prove the Theorem in the following
equivalent form:
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Theorem 3.5.1. Let h; € A,,j =1,..., M with at least one of them non-
constant, and let a; € C, be distinct for j = 1,..., M. Assume we have
f.9 € Ay with f, g non-zero, such that b3 = (a; + f)* —g forj=1,..., M.
Then M < 12.

We will assume M > 12 to obtain a contradiction.
Lemma 3.5.2. The function f is non-constant.
Proof. Suppose that f is constant. Then
(hi = hj)(hi + hj) = (a; — a;)(a; + a; + 2f)

also is constant for i # j, hence each

hi = 5 ((hi = hy) + (hi + hy))

N | —

is constant, which contradicts the hypothesis. O

For ¢ # j we have

hi =5 = ((a;i + )" = g) = ((a; + f)* = 9) = 2(a; — aj) f + (a7 — af)
hence, for each r we have

2max m(r, h,) > m(r, h? — h?) =m(r, f) + O(1) (3.14)

n

and the equality g = (a; + f)* — h? implies

m(r,g) < 2max{m(r,a; + f),m(r,h;)} + O(1)

< dmaxm(r, h,) + O(1). (3.15)

As in the previous section, we define

A = gl2 - 4f/29
2
A, = hof? =N, "h, — hl,g
and these functions satisfy the same equation as in the previous section (see

Equation (3.7))
A =4h,A,.
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Lemma 3.5.3. The function A is the zero function.

The point is that, if A is not the zero function then we can apply to it
the function m(r,-), and we will obtain a contradiction by bounding above
and below m(r, A). We we will need the following three claims.

Claim 3.5.4. For each r large enough, we have

m(r, A) < 6maxm(r, h,) — 2logr + O(1).

n

Proof of Claim 3.5.4. By definition of A we have

m(r,A) = m(r,h,) +m(r,A,) + O(1)
< m(r, hy) + max{m(r, ho f?), m(r, K. >hy), m(r, h.g')} + O(1)

In order to estimate an upper bound for this last expression, by the inequal-
ities (3.14) and (3.15) and Lemma 3.3.1 we obtain for each r large enough

m(r, haf) < m(r,hy) +2m(r, f) — 2logr + O(1)
< bSmaxm(r, h,) —2logr+ O(1)
m(r, k. %hy) < m(r, hy) + 2m(r, hy) — 2logr + O(1)
< 3maxm(r, h,) —2logr + O(1)
m(rh,g') < m(r;hn) +m(r,g) = 2logr + O(1)
< Smaxm(r, h,) —2logr + O(1)

n

Therefore, for each r large enough we have

m(r, A) < 6maxm(r, h,) — 2logr + O(1).

n

Claim 3.5.5. For each r large enough, we have

1
M-1

max m(r, hy,) <

Z m(r, hy) + O(1)

Proof of Claim 3.5.5. Given an r, if all the m(r, h,) are equal the result is
obvious, so let us assume that we have two indices s,t such that m(r, hy) is
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minimal, m(r, h;) is maximal and m(r, hs) # m(r, h;). For r large enough
and for all i # j we have

2f1r = lai +a; +2f],

because of Lemma 3.5.2 and the definition of | - |,, moreover, |2f]. > 1 for
large r. Write
C = log" max|a; — ajl,
i#j

and note that this constant does not depend on r. Since
hi — h3 = (a; — a;)(a; + a; + 2f)

we have for r large enough

m(r, f) < m(r, h? — hf) <m(r,f)+C.
On the one hand, by the strong triangle inequality of | - |. we have for each n

m(r, f) + C > m(r,hi — h?) = 2m(r, hy) = 2m3xm(r, hy).
On the other hand, for each n # s we have
2m(r, hy) > m(r,h2 — h%) > m(r, f).

adding these inequalities as long as n # s we get

2> “m(rhy) =2 m(rhy) > (M = 1)m(r, f).

n#s
Therefore

n

2> “m(r,hy) > (M = Dym(r, f) > (M — 1)(2maxm(r, h,) — C).

Claim 3.5.6. For each r large enough, we have

5 S mr, ) < mir, A) + O(1)
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Proof of Claim 3.5.6. Define

n(r) = Z max ord,h,,

and note that this sum is always finite because the h,, are entire. Since
4h, A, = A holds for each n and A is not identically zero, we have ord,h,, <
ord,A for each n and each p, therefore n(r) < n(r,A,0).

Observe that no three of the h; can share a zero (if p is a common zero
of h;, hj, hy, for distinct indices, then the polynomial (f(p) + X)? — g(p) has
three roots, namely a;, a;, ai), hence

Z n(r, hy,0) < 2n(r)

n

and we arrive to

Z n(r, hn,0) < 2n(r, A, 0)

n

hence
> N(r,h,,0) <2N(r,A,0) + O(1).

This inequality and Theorem 3.3.2 applied to A (which is an entire function)
lead to

Zm(r, hy) < 2m(r, A) + O(1).

]

Proof of Lemma 3.5.3. We suppose A is not identically zero. We apply to it
m(r,-) and use the bounds given in the above Claims to get:

1 6
2logr + §;m(r,hn) < 71 ;m(r, h,) + O(1)

which is a contradiction for M > 12. This proves that A = 0. O]
From the equation A = 0 we have
g% =4f"g. (3.16)

By Lemma 3.5.2 we have that f is non-constant, hence the equation ¢ =
4f"g implies that ¢ is a square in M,, but g € A, implies that g is a square
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in A,. Thus g = u? for some u € A, and replacing in Equation (3.16) we
get u? = f. Therefore there exists b € C, and a € {—1,1} such that
g = (af +b)? hence

hl = (an+f)? = (af +0)?
= (an+ f)? = (f + ab)?
= (a, — ab)(an + ab+ 2f).

Observe that this and Lemma 3.5.2 imply h,, non-constant for all n such that
a, # ab, and this is the case for al but at most one index m since the a,, are
pairwise distinct. Define

Jn

a, — ab

Up =

for each n # m, and note that each v; is non-constant. Take any two indices
it # j such that 7,7 # m. We have

(vi — v) (Vi +vj) = v} —vf = (a; + ab+2f) — (a; + ab + 2f) = a; — a;
and this implies that v; — v; and v; 4 v; are constant, therefore each

1
vy = 5((% +v5) + (vi — v;))

is constant. This is the desired contradiction, and the proof of Theorem 3.5.1
is complete.

3.6 Undecidability Results

In this section we prove Theorem 3.2.4.
We will use the positive answer to Problems BP(M,,) and BP(A,). First
we define the following £3-formulas:

Bu[x, y] E|u1 c. HU35 (/\?ilpg(ul)) VAN (/\?iQUifl + Ujr1 = QUZ -+ 2)

ANr=u AN2y+1=1uy—u;

Sql, y]: Bulz,y] A Bu[f.z, f.[.4]
Prod[z, y, w]: FudvPs(u) A Pa(v)A
(Sq[z + y,u] ASq[r — y,v] Au= v+ 4w).

Note that all the above formulas are positive existential.
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3.6. Undecidability Results

Next we define the following systems of equations:
(43 — 245 + qf =2
Bugys(a,0) : 4 g3 — 243, + 35 = 2

Gi="b

Bugys(a, b)
S ,b) : YR
qsys(a ) {Busys<za’ Z2b)
and
Sq(a, 2?)
b 2
Prodgys(a, b, ¢) Sa(b, )
Sq(a + b, w?)

w? = 2% 4 2¢ + 92

where it is understood that, if we consider a system of equations built up
by several of these systems, then the unknowns in each of them are distinct.
For example, in the definition of Sqgy, since we use twice Busys, it is under-
stood that the variables ¢; in the first Bugy are distinct from the variables g;
appearing in the second Bugys.

Note that the system Prodsys(z?, y?, 2%) (where x,y, z also are considered
as unknowns) is a system of diagonal quadratic equations with coefficients
in Z[z].

From the definition of the above formulas and systems of equations, it is
clear that given a,b,c € R, where R = A, or M,, we have the following:

e R = Bu|a,b] if and only if the system Bugys(a,b) has a solution in R
e R = Sq[a,b] if and only if the system Sq(a,b) has a solution in R

e R |=Prod|a, b, ] if and only if the system Prodgy(a, b, ¢) has a solution
in R.

Lemma 3.6.1. Ifa,b,c € R, where R = A, or R = M,, then the following
statements are equivalent:

1. ab=c
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ii. R = Prod[a,b, |
iii. Prodgys(a,b, c) has a solution in R.

Proof. Because of the above discussion, it is enough to prove that item i is
equivalent to item ii. By Corollary 3.2.2 we have: R satisfies Bu[a, b] if and
only if b = a® or a and b are constants. Thus, R satisfies Sq[a, b] if and only
if b = a®. Therefore, R satisfies Prod[a, b, c] if and only if ¢ = ab. O

Proof of Theorem 3.2.4. This is a consequence of the equivalence of items i
and ii in Lemma 3.6.1, and the fact that Prod[z,y, 2] is a positive existential
L3-formula. O

Proof of Theorem 3.2.6. From Theorem 3.2.4 we obtain the non-existence of
an algorithm to solve any of the following problems:

1. Given a system
Zaikxf—i-ijkyj = Cg, k= 1,...,t (317)
i=1 j=1
with all the a;, bjx, ¢ in Z[z], to decide whether or not the system has

a solution in A,

2. Given a system

T

Z@ikx?‘l'zbjkyjzck, k=1,...,t (3.18)

i=1 j=1
with all the a, bji, ¢ in Z[z], and given two sets I C {1,...,r} and
J C{1,...,s}, to decide whether or not the system has a solution in

M, satistying z;(0) = 0 for each ¢ € I and y;(0) = 0 for each k € J.

To prove item (1) of the theorem, consider the diagonal quadratic system

T

Zaikx?—i—ijk(u?—v?) =c, k=1,....t. (3.19)

=1 k=1

System (3.19) has a solution in 4, if and only if System (3.17) has, because

of the identity
r+1\° z—1\?
r = — .
2 2
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In order to prove item (2) of the theorem, we cannot perform the same
substitution as before in order to eliminate the degree-one part, because a
technical problem arises with the vanishing conditions. Namely, if we replace
an unknown y; with condition y;(0) = 0 by (u? —v7) as in the previous case,
then the vanishing condition becomes (u7 — v7)(0) = 0, which is useless
because we want vanishing conditions on the unknowns, not on polynomial
expressions of the unknowns. To fix this problem, we will use again the
positive answer to Biichi’s problem in order to perform a substitution in such
a way that vanishing conditions on unknowns become vanishing conditions
on the new unknowns. We will obtain not one but several diagonal quadratic
systems, but this will be enough to prove the Theorem.

Consider the following 2!’ diagonal quadratic systems S, indexed by

o C J:

(
Zaikx? + ijk(u§2 —uj — 1)+ Z bip(wly —w?) =cp, k=1,....t
i=1 jea 1<j<s
i¢J
u§3—2u§2+uj2~1 =2, jJ€«

2 2 2 .

j
Prod(u?l,v?, 1), j €

\

with conditions z;(0) = 0 for each i € I and u;;(0) = 0 for each j € a.
We make the following two obvious observations about functions in M,,:

(A) f(0) =0 and f is constant if and only if f = 0.

(B) f(0) =0 and f is non-constant if and only if f(0) = 0 and f is invert-
ible.

We will prove now that System (3.18) has a solution in M, satisfying its
corresponding vanishing conditions if and only at least one of the Systems
Sq has a solution in M,, satisfying its vanishing conditions.

First, assume that System (3.18) has a solution z; = f;, y; = g; satisfying
the vanishing conditions and define

a = {j € J: g; is non-constant}.
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Then S, has the following solution satisfying its vanishing conditions (by
Lemma 3.6.1):

T = fi

uj = %+l—1 for j €

v; = u%l for j €

wj = ““—; for1<j<sandj¢.J
Wiy = gj;d for1<j<sandjé¢.J

Observe that the y; with j € J — o have been replaced by 0 (observation

(A)).
Assume now that System S, has the following solution satisfying its van-
ishing conditions:

Ty = Xi

ujy = p; forjea

v; = v; forjea
wip = wp forl<j<sandjé¢.J
wjp = wjp forl<j<sandj¢.J

Then the following is a solution of System (3.18):

i = Xi

yy = OforjeJ—a

Yy = pp—ph—1 forjea

Y = wih—wh for1<j<sandjé¢.J

It only remains to show that this solution satisfies the vanishing conditions
of System (3.18). Indeed, the condition x;(0) = 0 for ¢ € I holds because
it is the same vanishing condition on the z; as in S,. For j € J we have
y;(0) = 0, which is trivially true for j € J —a. For j € @ we have p;;(0) =0
(this is a condition on S, ) and j;1 is invertible (its inverse is +v;). Therefore,
by observation (B) the function ;1 is non-constant. Observe that (1), is
a Biichi sequence with a non-constant term, hence, by Corollary 3.2.2 there
exists a non-cosntant 7; such that ,u?l = (7; + 1) This implies that

Yj = #?2 - M?l —1=2(y;+1) =2up
hence, using the condition 1;;(0) = 0 for j € a on S,, we obtain y;(0) =
2/~Lj1(0) =0. O

(&)
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3.7 Some geometric results

This section contains most of the geometric results that we will use in the
next two sections. The arguments given here essentially are adaptations of
the arguments given by Vojta in [Vo2|. For the sake of completeness, we will
perform most of the computations.

During the whole section, we assume that the base field is C, and we
write g(X) for the genus of the curve X.

Let S = (92,93, ...) be a sequence in C* with pairwise distinct terms. Set
Xy = P?(C) and for n > 2 let X,, € P*(C) be the algebraic set defined by
the equations

as the index i ranges from 3 ton. If [zg: -+ : 2,] € X,,, it is easy to see that
at most 2 of the z; can be zero, hence X,, C Uy U U; U Uy where Uj; is the

open set {z; # 0}.
Lemma 3.7.1. The variety X,, is a smooth surface in P", contains the lines
:l:ill'l = :EIQ — 621’0 == :i:.fll'n — 5n$0 (321)

and has canonical sheaf Ox, (n —5). In particular, X,, is of general type for
n > 6.

Proof. Observe that, for [z : -+, z,] € X,, N Uy the matrix
(03 — do)z1 —03x9 9wy 0 --- 0
(04 —.62)x1 —5'4@ 0 Joxq - 0 (3.22)
(On —.(52):151 —(5;19:2 0 0' . 52'3:71

has rank n — 2. Indeed, there are 3 cases depending on the number of zeroes
among s, ...,oTy:

1. No zero: trivial.

2. One zero: at least one of the first two columns has no zero.
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3. Two zeroes: suppose that z; = x; = 0 where 3 < i < j < n, then no
entry in the first two columns is zero. Therefore

(52‘ - 52)5101 —0; T2
(6]' — 52)[[’1 —5]‘1'2

= (521‘1172(5j — 52) 7é 0.

hence, X,, is nonsingular at each point in X,, N Uy. The verification that X,
is nonsingular at each point in X,, N U; and X,, N Us is quite similar, but the
determinants in case (3) are

‘ —52(52(52 — (52)%0 —6ix2 _ 525¢5j$05172(5j — 52) 7é 0

_6]'52(53' — (52)ZL’0 — jIg

and

‘ —51(52(51 — (52).1'0 (51 — (52)33'1

_5]'52(53' — 52)1‘0 ((Sj — 52)1‘1 - 52$0$1(6j - 52)(5] - 52)(5Z - 52) 7& 0

respectively. Therefore X, is a smooth surface in P".

The claim about the lines (3.21) is an easy computation (looking at Uy N
X,).

Finally, since X,, is a complete intersection surface in P" defined as the
intersection of n — 2 smooth hypersurfaces of degree 2, its canonical sheaf is

O2(n—-2)—n—-1)=0(n-5).

Definition 3.7.2. Define the trivial lines of X,, as the lines (3.21).

Observe that for n > 3 the rational map
[xo: -ty = [xg e xy]
induces a finite morphism
Tt Xy — Xpno1

of degree 2 ramified along the curve C,, C X,, defined by x,, = 0. This curve
is nonsingular. Indeed, if

[xg:- x| € C, =X, N{x, =0}
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then at most one of the xg,...,x,_1 can be zero and the remaining verifica-
tion can be performed as in the proof of Lemma 3.7.1 for cases (2) and (3)
since x,, = 0, but adding the extra row (0,...,0,1) to each matrix.

Define ¢,, = m30---om,. We note that the image of C), in X, via ¢,, is

Definition 3.7.3. Let X be a smooth surface over C and let L be an invert-
ible sheaf on X. Take a section

we HYX,L® S2(0L)).

Let Y C X be a curve with normalization i : Y — Y. We say that Y is
w-integral if .
Ffwe H(Y,i* (L) @ S*(Q}))

vanishes identically on 'Y .
On U, C P? = X, define
w = 11T9dx) @ dry + (05 — 27 — 23)dr) ® dag + T179dTy @ das.

Note that, after the change of variables yo = zo/z; and yo = x3/x1, on
Uy N Uy, we have

1
W= iy (83yoy2dyo @ dyo + (1 — 83y5 — v3)dyo ® dys + yoy=dys ® dy»)
0

hence w extends to a section
Wy € HO(X27 OX2(5) & 52(QA1X2))

Lemma 3.7.4. Write [xg : z1 : x3] for homogeneous coordinates on P? = X,.
The only we-integral curves on X are

1. 2g=0, 2, =0, and x5 =0
2. the four trivial lines
3. the conics dac(c — 62)x2 — (¢ — 62)x% + cxd = 0 for ¢ # 0, 5,.

Moreover, if f: C — X5(C) is a non-constant holomorphic map satisfying
ffwa = 0 then its image is contained in one of these curves.
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Proof. Tt is easy to see that curves of type (1) and (2) are wo-integral. Let’s
show that curves of type (3) are wo-integral. If we look at the affine chart
Up, on a curve of type (3) we have

(¢ — 0)z1dry = cxodrs

hence
¢ty Cx2 2,2 .2
@ =\ n)mn T e gy 2T T ) | dn @ dry
Todry ® dxs
= (Fab+ele—0)(& —af—ad) + (= 8)'eh) T
SL’QdIQ ® dIQ
= (5%0(0 — 52) - 52(0 — 62)1’% -+ 52033%) m
= (52 (526(0 - (52) — (C — (52)1‘3 + CZL’%) M = 0.

(C — 52)21}1

Conversely, let Y be an ws-integral curve on X, not of type (1) or (2).
We will show that Y is of type (3). Let P € Y be a regular point of ¥ not
in a line of type (1) nor (2). As Y is regular at P, in some neighborhood
of P one can assume that one affine coordinate is function of the other, say
xr1 = x1(x3). Since Y is wo-integral, we get a quadratic ordinary differential
equation for x1. Hence there are 2 local solutions at P. But exactly 2 curves
of type (3) pass through P. Therefore, Y is locally of type (3) on a dense set
of points, and so Y is of type (3).

A similar computation proves the assertion about holomorphic maps. [

Observe that the image of C), in X5 is wo-integral (see Equation (3.23)).
Write w!, = ¢fw> and note that

w, € H'(Xy, Ox,(5) ® $*(Q,))
because 7 Ox, ,(1) = Ox, (1) for each n > 3.

Lemma 3.7.5. Let n > 6 be an integer. The only W/, -integral curves on X,
are

1. the pull-backs via ¢, of the coordinate axes on Xo to X,

2. the trivial lines
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3. the pull-backs via ¢, of the conics dac(c — 03)x3 — (¢ — d9)x? + cx3 =0
for ¢ #0,0,.

These curves are nonsingular and the only one with genus < 273 are the
trivial lines, with genus 0. Moreover, if h : C — X,,(C) is a non-constant
holomorphic map satisfying h*w,, = 0 then the image of h is contained in one
of these curves.

Proof. Let Y C X, be a w/ -integral curve. Write

Z=¢,(Y) and Y'=¢(2).

n

Note that Z is wo-integral. Hence we have 3 cases by Lemma 3.7.4.
Suppose that
7 = {l’j = 0} g X2

is a coordinate axe. Then
Y’:Xnﬁ{wj:O}

is nonsingular by a verification similar to the one done for C),. Since Z meets
all the curves ¢(C;) for i = 3,...,n and they form the branch divisor, Y is
connected. Hence Y/ =Y and Y is nonsingular. Note that

Only Y = Z
has degree 2”2 and is ramified at 2"~2(n — 2) points, hence
g(V)=2"7(n—4)+1

by the Hurwitz formula.

Now suppose that Z is a trivial line in X5. Replacing the value of x5 in
terms of x; in the defining equations of X,, we obtain that Y is a trivial line,
with genus 0.

Finally suppose that Z is a curve of type (3) in Lemma 3.7.4. By the
same argument as in the first case, Y’ is connected. One can show that Y is
nonsingular by a direct computation (on the affine chart Uy we add the row

((c = d9)x1, —C22,0,...,0)

in 3.22, and for Uy, U, the computation is similar) therefore Y = Y”. Consider
the map ¢,|y : Y — Z. This map induces a morphism v, : Y — Z. If Y lies
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above one of the curves C; then deg(t,,) = 2"73 and if Y does not lie above
any C; then deg(v,) = 2" 2. Anyway, ¢, is ramified at least in

(n—3)-4-2"*=2""2(np - 3)
points and g(Z) = 0, thus for n > 6 by the Hurwitz formula we have
g(Y) > =22 42" 3(n - 3) =2"3(n —5) > 2%

The assertion about holomorphic maps follows from taking f = ¢, o h in
Lemma 3.7.4 and noting that f is not constant since ¢, is finite, and

[fwe = h*Yiwy = h*w!, = 0.
]

Lemma 3.7.6. Let m : X' — X be a finite morphism of smooth projective
surfaces over C, ramified along a curve Y C X'. Let L be a invertible sheaf
on X, and take a section
we H'(X, L ® S*0))).
If 7(Y') is w-integral, then
m™w e H'(X', 7L ® S* (%))
vanishes identically on 'Y .
Proof. This is a particular case of [Vo2] Lemma 2.10. O
We recall to the reader that w), = ¢} ws.
Lemma 3.7.7. Define w) = wy. The sections w), determine sections
wy, € H(X,,, Ox, (7T —n) ® S*(Qk))
such that each wy-integral curve is a w) -integral curve. Moreover, the w,-

integral curves are the same as the w -integral curves, with the only possible
exception of W'-integral curves lying over Cs, ..., C,.
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Proof. By induction. The case n = 2 is clear. Assume it for n = m — 1 with
m > 2. Note that m,,(C,,) does not lie over any of the curves Cs,...,Cp_1
because they have different images in X5, hence 7,,(C,,) is w,,_1-integral by
Lemma 3.7.5 and induction hypothesis. Consider the section
ﬂ-:@wm—l S HO(Xm7 W;Omel (7 - (m - 1)) ® SZ(ka))

= H°(Xpn, Ox,, (T~ (m — 1)) ® $*(Qx, )
(recall that 7Oy, (1) = Ox,(1)). By Lemma 3.7.6 we have that 7w, 1
vanishes identically on C,,, thus 7 w,,_1 determines a global section w,, in

Ox,. (T—m) ® S*(Qx, )

by taking
1
Wi = — T W1
Tm
Call U,, the open set of X, obtained by deleting the curves lying over any of
the Cs, ..., Cp,. The sections w], and w,, agree on Uy, up to a non-vanishing

factor, therefore the w; -integral curves and the wy,-integral curves are the
same on U,,. A curve lying over some C; is of type (3) in Lemma 3.7.5 (see
Equation 3.23), hence it is w! -integral, and we are done. O

Corollary 3.7.8. Forn > 6, the only w,-integral curves with genus < 23
on X, are the trivial lines, with genus 0. Moreover, if h : C — X, (C) is a
non-constant holomorphic map such that h*w, = 0 then the image of h lies
in a trivial line.

Proof. From Lemma 3.7.5 and Lemma 3.7.7 we deduce the first part of the
Lemma, and the fact that the image of h lies in a curve with genus > 273
or in a trivial line. Use Picard’s Theorem to conclude. [

Theorem 3.7.9. For n > 8, the only curves of genus 0 or 1 on X,, are the
trivial lines.

Proof. Let Y C X,, be a curve of genus 0 or 1 and write ¢ : Y — Y for its
normalization. On the one hand, the curve Y has genus 0 or 1, hence Ky has
non-positive degree. On the other hand, the sheaf i*Ox, (7 —n) has negative
degree because n > 8. Therefore,

i*Ox, (T —n) ® K22

has no nonzero global section on Y, hence i*w, vanishes identically on Y.
From this we deduce that Y is a w,-integral curve with genus < 1 on X,,,
and we are done by Corollary 3.7.8. O
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3.8 Correspondence between polynomials and
points

We understand that, given a sequence ds, d3, . . . of distinct non-zero elements
in K/Q, the surfaces X,, are defined by Equation (3.20).

Lemma 3.8.1. Fix a sequence (a1, aq, ...ay,) in K/Q, with n > 3 and pair-
wise distinct a;. Set 6; = a; — ay for i > 2. There is an injective map from
the set of monic polynomials f € K[z] of degree two satisfying that f(a;) is
a square fori=1,...,n, to the set

X (K) N {zo # 0}

The map is
J(f) =MLV fla) - v/ flan)]

(for a fized choice of square Toots) and has the property that f is a square in
K[z] if and only if j(f) lies in a trivial line of X,.

Proof. Take a polynomial
f=2"+axr+be Kl
with the property that
fla) =bi,..., flan) = b,
are squares in K, then

0ob} = (as — ar) f(a;) = (ag — ar)(a; + ua; +v)
= (a; — a1)(ay — a1)(a; — az) - 1 — (a; — az)(a? + ua, +v)+
(a; — ay)(a3 + uag + v)
= 0;09(8; — 62)1% — (8; — G2)b% + ;b5

(3.24)

Therefore, for each polynomial
f=2+ur+v e K[z]
with the property that f(a;),..., f(a,) are squares in K, we have that

J(f) € Xu(K) N {zo # 0}
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Now we check injectivity. Given a point
p=1[1:by:---:b,] € X,(K)N{xy # 0},
define

fooat b2 —b? — a3 +a%x N araz(az — ar) — a1b3 + axb?
=

€ Klx]

a2 — g a2 —aq

The polynomial f, is the only monic polynomial of degree two satisfying
fp(ar) = b% and f,(az) = b3. Moreover, after a standard computation we get

and, since
p € Xn(K)N{zyg # 0},
we obtain

52fp(a1 + 51) = (Sgbf

Therefore, we have f,(a;) = b? for each i. The uniqueness of f, proves that
J 1s injective.
Assume that
Jjlg)=1[1:by:--: by

lies in a trivial line for some
g=1*+ur+v e Klz].
Thus we have an equation of the kind +by, — 5 = +by, say
€'by = eby +as — a;
for €, ¢’ € {1, —1}. Therefore, we have

b% = b% + 26(@2 — al)bl + (CLQ — CL1)2

and we get
2
(bg—b%—a;+a%> _4<a1a2<a2—a1>—a1b3+azb%) — 4 —1) =0
as — ay a2 — M

So, using the above definition of f,, we have

UN 2
ngj(g):<x+§> :
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3.9 Number and function fields, meromor-
phic functions

We use the same notation as in Section 3.7. First we prove Theorem 3.2.7.

Proof. We follow the notation of Section 3.7. For¢=2,...,8 set §; = a; —a;
and note that X,, ..., Xy are defined over K. If Conjecture 3.1.2 holds then
there exists a proper Zariski closed subset Z C Xy such that all the K-
rational points of Xg belong to Z. Given an irreducible curve Y C X, if
Y (K) is dense in Y (C) then Y is defined over K and, by Faltings’ Theorem, Y
has genus at most 1. Therefore we can take Z as the union of a finite number
of curves on Xy with genus 0 or 1, up to a finite number of K-rational points.
We conclude by Theorem 3.7.9 and Lemma 3.8.1. O]

Let us prove Corollary 3.2.8.

Proof. Since the set E(Q, (a;);) is finite, it is enough to show that a monic
polynomial f € Z[z] which is not a square, is such that f(n) is a square at
most for a finite number of n € Z. Indeed, the graph of

y =/ f(x)

is asymptotic to the graph of y = |z|, and hence has no integer point for
large enough |x|. O

The next proposition will be useful to prove Theorem 3.2.9.

Prgposition 3.9.~1. Letn > 8. If Y C X, is a curve, its normalization is
i:Y =Y and g(Y) < 222, then Y is an wy,-integral curve.

Proof. Let i : Y — Y be the normalization map. We have
wn € H (X, i O(7T — n) © K3?).
As degi*Ox, (1) > 1, for n > 8 we get
deg <z’*(9xn(7 —n)® IC%) = (7—n)degi*Ox, (1) + 4g(y) — 4
<T7—n+4g(Y)—4

=4g9(Y)+3—-n<0.

Therefore, i*w,, is zero in Y. O
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Now we present the proof of Theorem 3.2.9.

Proof. We can assume ' = C. Suppose P has some non-constant coefficient
and
Pla;))=h2i=1,...,.M

for some a; € C and h; € K(C). Using Lemma 3.8.1 with K = K(C), one
can verify that
h=[1:hy:...:hyl

defines a non-constant morphism h : C' — X,;, where we consider ¢, = a; —a,
in the definition of X ;. Since C' is a complete variety we obtain that im(h) is
algebraic. Let Y be an irreducible curve containing im(h), since h is dominant
on Y, we conclude that h factors through Y. By Riemann-Hurwitz Formula,
we have M M3
9(?)SQ(C)§Z—1<T
hence Y is a w)y; integral curve by the previous Lemma. Finally, Lemma 3.7.8
implies that im(h) is contained in a trivial line, and the conclusion follows

from Lemma 3.8.1. O]

Before proving Theorem 3.2.10 we need to fix some notation in complex
Nevanlinna theory. We refer the reader to the notes [Vo3| on Diophantine
Approximation and Complex Nevanlinna Theory, where Vojta gives a concise
and self-contained introduction to this topic. We follow the notation used
there.

Let X be a smooth projective variety over C. For each divisor D €
Div(X) and for each holomorphic map f : C — X whose image is not
contained in the support of D, we denote by

Tp,:RT >R

the Nevanlinna height function associated to D and f. Moreover, one can
define (up to a bounded term as r varies) a Nevanlinna height function for line
sheaves by letting T y = T, where D € Div(X) can be any divisor such
that £ = O(D) and the image of f is not contained in D. There is a formal
analogy between these height functions and the ones produced by the Weil
Height Machine in the context of heights for algebraic points on varieties.
Indeed, this is part of a deep formal analogy between Nevanlina Theory for
holomorphic maps and Diophantine Approximation; see for example [O] or
[Vol].
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3.9. Number and function fields, meromorphic functions

We need the following result:

Theorem 3.9.2 (See [Vo2] Prop. 6.1). Let X be a complex non-singular
projective variety, f : C — X an holomorphic curve, d > 0 an integer, L a
line sheaf on X, w a global section of

LY ® S40%,

and A an ample line sheaf on X. If f*w is not identically zero, then there
exists a set U C RY of finite Lebesgue measure such that for any r ¢ U we
have

Trs(r) < O(logTas(r)) + o(logr).

Proof of Theorem 3.2.10. Let P € M[X] be a monic second degree polyno-
mial, with some non-constant coefficient, which is not a square in M[X], and
assume that there exists aq, as, . ..,as € C such that P(a;) is a square in M

for each i, say
\/ P(al) = hl < M

Since P has some non-constant coefficient, some of the h; is non-constant.
By Lemma 3.8.1 we have that

h=1[1:hy:---: hg]

does not belong to a trivial line of Xg(M), that is, the image of the non-
constant holomorphic map h : C — Xg(C) is not contained in the trivial
lines.

Now take £ = O(1). Since L is the line sheaf associated to a hyperplane
divisor on Xg, it is very ample. Note that

O(1)Y ~0O(-1)
and consider the section wg of
o(-1)® S2Q§(8.

Taking
L=A=0(),

f=h,d=2and w = wg in Theorem 3.9.2 we conclude that h*wg = 0 because
h is non-constant. By Corollary 3.7.8, the image of A must be contained in
the trivial lines, a contradiction. O
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Chapter 4

Uniform Definability and
Undecidability in Classes of
Structures

This is joint work with Thanases Pheidas and Xavier Vidaux.

4.1 Introduction

It is well known that a system of Diophantine equations has a complex so-
lution if and only if it has a solution modulo infinitely many primes (see
[Nav]). Since there is an algorithm to solve the former problem, there is also
an algorithm to decide whether an arbitrary system of diophantine equations
has a solution in the finite field I, for infinitely many primes p. In this work
we show that the situation is completely different if we replace the fields
F, by rings of functions of positive characteristic and consider analogous
diophantine problems. For example, we show that the following problems
are undecidable: decide whether or not a system of diophantine equations
together with conditions of the form “x is non constant”, for some of the
unknowns z, has a solution in F,[z] for

1. some odd prime p,
2. all odd primes p,

3. infinitely many odd primes p,
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4. all but possibly a finite number of odd primes p,
5. all primes p of the form 6k + 5, etc.

Indeed we prove such very general uniform undecidability results for large
classes of subrings of function fields of curves (of large enough characteristic) -
for example, for the class of all polynomial rings of odd positive characteristic.

There seems to be rather few results of this kind in the bibliography,
but there are several results on asymptotic (un)decidability: given a class
of structures, to decide whether or not a given formula is true for all but
finitely many of them. For example, in [CHr|, Chatzidakis and Hrushovski
prove that a certain class of differential fields, each of them separately having
a decidable theory, has an asymptotic undecidable theory. On the other
hand, Hrushovski [Hr] and Macintyre [Mac| (independently) show that the
class of algebraically closed fields in positive characteristic, together with
the Frobenius map, is asymptotically decidable. Other results of the same
flavour can be found in [AxK12, AxK3, Ax, Rum].

In this work, we will be interested in positive existential theories, be-
cause of the obvious connection with Hilbert’s tenth problem, but the gen-
eral method that we develop is straightforward adaptable to decidability
questions about full theories.

On the way, we define positive existentially the relation “y is a p°-th
power of 2”7 in a class of algebraic function fields whose fields of constants
are algebraic over [F), for p large enough with respect to the genus.

Hilbert’s tenth problem (the tenth in the famous list that Hilbert gave
at the International Conference of Mathematicians in Sorbonne, in 1900) was:

to find a process according to which one can determine in a finite number of
steps whether a polynomial equation with integer coefficients has or does not
have integer solutions.

The problem was answered in 1971 when Y. Matijasevich, based on work
of J. Robinson, M. Davis and H. Putnam, proved that no such ‘process’ (in
modern terminology: algorithm) exists - and all this was built on the founda-
tional work of K. Goedel and A. Turing who laid the necessary foundations
in Logic. Later various authors asked similar questions for rings other than
the integers (starting with J. Denef and L. Lipshitz). One such question is
the following: What if we replace the integers by polynomials, say in one
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variable, with coefficients in a finite field Fy, with ¢ = p" elements, where
p is the (prime) characteristic. The problem was answered by J. Denef in
[Del] and [De2], negatively again. In the modern terminology of Logic the
result is phrased The positive existential theory of a ring F[z] of polynomials
of the variable z over a field F, in the language L, = {0,1,+,-, 2}, is unde-
cidable. In this problem the considered polynomial equations are those with
coefficients in the natural image of Z[z] in F[z].

Later, a large number of similar results (mostly of a negative nature)
were established. The general flavor of these results is: if in place of Z in
Hilbert’s tenth problem we substitute a global ring or field, such as a ring
of polynomials or rational functions (or a finite extension), all the existing
results are negative (the positive existential theory is undecidable); almost
always in the language £, or an extension of it by a finite list of symbols for
certain elements of the structure. In contrast, in local domains, such as a field
of p-adic numbers or power series, the results tend to be positive (decidable
existential theory, even decidable first order theory). But there are many
open problems, for example the question asked for C(z), the field of rational
functions with complex coefficients (or coefficients in any algebraically closed
field) and the field of formal power series over any reasonable field of positive
characteristic (e.g. over a finite field).

In order to state our results, we need to introduce a few notation. All
languages considered will be first order languages. Also, the word class will
always refer to a non-empty class of structures over a common language.

Notation 4.1.1. 1. We consider 0 to be a natural number.
2. All languages considered will be first order and equalitarian.

3. If L is a language, we will denote by Fr (respectively Fg, F7°) the
set of (respectively existential, positive existential) L-sentences, and if
M is an L-structure T (M) (respectively Tg, TR°) will stand for the
(respectively existential, positive existential) L-theory of M.

4. If L is an L-structure and X is a subset of L, we will denote by Ux the
L~ X -structure in which we forget the interpretation of the symbols of
X. IfU is a class of such L-structures, we will denote by Ux the class
of corresponding L ~ X -structures.

5. If sl is an L-structure and X s a set of symbols which are not in L
and which have a given interpretation in i, we will denote by UX the
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corresponding LU X -structure. If U is a class of such L-structures we
will denote by UX the corresponding class of £ U X -structures.

6. All classes of structures are by default non-empty.

7. We define the following languages:

10.

11.

(a) La={0,1,+,-} is the language of rings;

(b) L.=LaU{z}, where z is a symbol of constant;

(c) L.oa =L, U{ord}, where ord is a unary predicate symbol;

(d) L1 =LaU{T}, where T is a unary predicate symbol;

(e) L% ={0,1,+,|, R, T}, where | and R are binary relation symbols;

(f) £t ={0,1,+, R}.

(9) L* ={0,1,+,pos, R}, where pos is a unary relation symbol inter-
preted in Z as: ‘pos(x) if and only if x is non-negative”. We will
freely write x > 0 when working over this language.

For each prime p, consider the following equivalence relation |, over Z:

z |, y if and only if there exists s € Z such that y = £xp°®.

We will refer to it as p-divisibility and denote its restriction to the
natural numbers by the same symbol.

Let ®, be the Li-structure (Z;0,1,+, 1, |,, Z ~ {=1,0,1}) and
D = {®,: p is prime}.

Let M, be the L5 -structure (N;0,1,4+,|,) and
N ={MN,: p is prime}.

Let 3, be the L*-structure (Z;0,1,+,>0,|,) and

Z ={3,: p is prime}.
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12. All function fields will be considered as structures over L, oq, where z
15 interpreted as a local parameter at a prime divisor p of the field over
its field of constants, and ord(zx) will be interpreted as “the valuation
of x at p is non-negative”. The symbol z will just be the variable z in
the case of a rational function field F(z), and in this case ord(x) will
be interpreted as “the order of x at 0 is non-negative”.

13. Any subring B of a rational function field F(z), whose elements are
reqular at 0, will be considered as an L,-structure, where the symbol
z s interpreted as the variable z, or, in the case that B is a ring of
polynomials Fz|, it will also be considered as an Lr-structure, where
T(z) will be interpreted as “x is non-constant”.

Definition 4.1.2. Let L be a first order language, X be a non-empty proper
subset of L, and let U be a class of L-structures. We will say that a symbol
a € X is uniformly £ ~\ X-definable in Ux (or in U if there is no ambi-
guity), if there exists an L~ X-formula which defines the interpretation of
a in each element of U. If moreover the formula is existential, respectively
positive existential, then we will say uniformly existentially £\ X-definable,
respectively uniformly positive existentially £ \ X-definable (£ \ X-uped),
instead of just uniformly £~ X-definable.

If the symbol «a has the same name ‘x’ across its interpretations in ele-
ments of U, we will say that ‘x’ is uniformly £\ {a}-definable. Also we may
say that the family of interpretations of « is uniformly definable in U/ instead
of saying that « is.

Let us give a few trivial examples to illustrate the definition:

e With the language {R,-} and the class of all groups (where R(z) is
interpreted as “x is in the center” and the symbol - is interpreted as
the group law), the formula Vy(xy = yx) uniformly {-}-defines R in
the class of all groups.

e With the language {e,-} and the class of all groups (where e is inter-
preted as the identity element and - is interpreted as the group law),
the formula Jy(z - y = y) uniformly positive existentially {-}-defines e
in U over the language {-}. So we shall say that the identity element
is {-}-uped in the class of all groups.
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Another elementary example is given by the following lemma which we
will prove in Section 4.2.

Lemma 4.1.3. The relation # is L,-uped in the class of all polynomial rings
over fields, where z is interpreted as the variable.

Moret-Bailly in [MB] gives very general criteria for positive existential
(un)definability of the relation # in rings.

As a non-trivial example, we prove the following proposition in Section
4.2.

Proposition 4.1.4. Consider the language
£ = {07 +7 S) RQ}

and the structures
¢ =(Z;0,+,<,Py)

where Py (x) stands for “r is a square and r does not divide x”. The relation
< 18 {0, 4+, Ro}-uped in the class U of all structures €, with r > 2.

Let us give an example where we do not have uniformity. Consider the
language £ = L4 U {a}, where a is a symbol of constants. Consider the
L-structures M = (Z;0,1,+, -, k), where « is interpreted as k in each 9",
The formula z = k defines k over £, in each 9M*, but there is no formula
that uniformly £4-defines v in the set {9M*: k € Z}: such a formula ¢(z)
would L 4-define 2 in S.Tt%a} and 3 in sm?a}, which is absurd as these two
structures are the same (the ring of integers). Note that with this example,
it is enough to consider two distinct structures. Next proposition shows that
one can have uniformity in each finite subfamily of a family of structures but
not in the whole family. The proof will be given in Section 4.2.

Proposition 4.1.5. Let C be the set of all finite fields F,, of prime character-
istic p. The relation “to be a square” is {0, 1, +}-uped in any finite subfamily
of C, but there is no infinite subfamily of C where it is {0, 1, +}-uped. Hence,
in particular, multiplication is not {0,1,+}-uped in C.

A highly relevant result can be found in [CDM], where it is shown that
there is no formula in the language of rings that defines F, in F,2 for all but
finitely ¢ (here ¢ is any power of any prime).
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We will now present one of the main tools that will allow us to obtain
several uniform definitions. We first define a relation that has often been a
key point to codify the integers in rings of functions of positive characteristic
(see for example, by chronological order, [De2], [Phl], [Ph2], [KR], [S1], [PZ1],
[S2], [Ei] and [ES]).

Definition 4.1.6. Let R4 be the equivalence relation defined on A by:
Ru(z,y) if and only if there exists s € N such that either y = x¥" or x = y*",

where p 1s the characteristic of A. For short we will say that “there exists
s € Z such that y = aP".

In order to show that the above relation is uped in several classes of
structures, we need to introduce Biichi’s problem.

Let A be a commutative ring with unit and of positive characteristic
p > 2. Let C be a subring of A. If M > 3, let us call an M-term Biichi se-
quence for (A, C) a sequence of M elements of A, not all in C', whose second
difference of squares is the constant sequence (2).

Biichi’s Problem for Rings of Characteristic p > 2:
BP(A, C, M) Is it true that for all N > M, any N-term Biichi sequence (xy,)
of (A,C) satisfies

22 = (x4 n)P" T, n=1,...,N,

n

for some x € A and some non-negative integer s?

Notation 4.1.7. If BP(A,C, M) has a positive answer for some M then we
will denote by My(A, C') the least such M.

Note that My(A, C), if it exists, is always at most the characteristic p of A
(as if there exists an M greater than p then the Biichi sequence is p-periodic;
see [PPV]).

We prove:

Theorem 4.1.8. If BP(A,C, M) has a positive answer then there exists a
positive existential L a-formula @ a,0y(x,y) with the following properties:

1. If Ra(x,y) holds then A satisfies ©y(a,0y(x,y); and

71



4.1. Introduction

2. if either xy or x +y is not in C then: Ra(x,y) holds if and only if A
satisfies Y (a,0)(T,y).

In the cases relevant to this work, Biichi’s problem is known to have a
positive answer when (A, C, M) is

1. (F[z], F,14) for any field F' of characteristic p > 17;
2. (F(z), F,18) for any field F of characteristic p > 19;

3. (K, F,312g + 169) for any function field of a curve K of genus g, with
field of constants F', and of characteristic p > 312g + 169.

For a reference, see [PV1] and [PV2] for Items 1 and 2, and [SV] for Item
3.

In order to uniformly define the relation R4 in some classes of structures,
we need to introduce the following definition.

Definition 4.1.9. Let us call Biichi class any class C of pairs of rings such
that there exists an integer M so that BP(A,C, M) has a positive answer
for any (A,C) in the class. If C is a Biichi class, we denote by M(C) the
maximum of the set

{My(A,C): (A, C) in the class C}

and by C the class of structures A such that (A, C) is in C for some C (so C
is the projection on the first component).

Note that M (C) may be greater than some of the characteristics of the A
in C but this can happen for at most a finite number of characteristics.

Theorem 4.1.10. Let C be a Bichi class such that C' is a field for each
pair (A, C) in the class. Suppose that for each pair (A,C) in the class C,
A is both an Lp-structure and an L,-structure, where T'(x) is interpreted as
“r is transcendental over C'” and z is a symbol of constant interpreted by
an element of A transcendental over C. There exist a positive existential
Lr-formula ¢F (z,y) and a positive existential L,-formula 0i(x,y) with the
following properties:

1. ok (x,y) uniformly defines Ry in C (hence the collection of relations
R4 is Lp-uped in C); and
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2. @i(z,y) uniformly defines Ry in C (hence the collection of relations R4
is L.-uped in C).

Here are some known Biichi classes where Theorem 4.1.10 applies:

1. Any non-empty subclass of the class of pairs (F[z], F') where F[z] is a
polynomial ring over a field F' of characteristic at least 17.

2. Any non-empty subclass of the class of pairs (F(z), F') where F(z) is a
rational function field over a field F' of characteristic at least 19.

3. Given an integer go > 0, any non-empty subclass of the class of pairs
(A,C) where A is a function field of a curve of genus g < ¢o and of
positive characteristic at least 312g + 169, with C' the field of constants
of A.

Theorem 4.1.10 is enough for our purposes but, for sake of completeness,
we prove an analogous result for a relation weaker than R4, but which can
be applied in more general classes.

Theorem 4.1.11. Let C be a Biichi class. For each pair (A,C') in the class
C, suppose that A is an Lp-structure where T(x) is interpreted as “x ¢ C”
and C' has the following properties:

e forallz e A, if 2v € C then x € C; and
o forallx € A, if 2> € C then z € C.

Let RS be the relation defined by
Ra(x,y) holds, and either x ory is not in C.

There exists a positive existential Lr-formula V& (x,y) with the following
property: VL (z,y) uniformly defines RS in C (hence the collection of re-
lations RS is Lr-uped in C).

Notation 4.1.12. We will denote by Q0 any class of L, orq £-structures such
that there exists a Biichi class C of pairs (K, C'), where K is a function field
of a curve of genus at most some fixed integer gy and C' is the constant field
of K, such that for each L, oq 2-structure M in Q, there exists a pair (K, C)
in C such that:
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the base set M of M is a subring of K and contains C;

M contains some local parameter & at some prime divisor p;
e 2 is interpreted as &;

e ord(x) is interpreted as “the order of x at p is non-negative”;
e =£ is interpreted as usual.

Note that in the above notation, since there can be more than one choice
of ¢ for a pair (K, (), several L, oq £-structures 91 may correspond to the
same pair (K, C) in the Biichi class. Note also that Theorem 4.1.10 applies
to the class of pairs (A, C') where A ranges in {2 and is seen as a ring.

Next theorem gives uniform definitions in other types of classes of struc-
tures.

Theorem 4.1.13. Multiplication is uniformly positive existentially
1. L*t-definable in N' = {(N;0,1,+,],): p is prime};
2. L*-definable in Z2 = {(Z;0,1,4+,<,|,): p is prime}; and
3. Lh-definable in D = {(Z;0,1,+, |, |,, Z ~ {—1,0,1}): p is prime}.

Before stating our main results, we need to introduce the following defi-
nition.

Definition 4.1.14. Consider two languages L and L'. Let 9 be an L-
structure and U be a class of L'-structures. Let G be a set of L-sentences and
G’ a set of L'-sentences. We will say that (G,9N) is uniformly encodable in
(G, U) if there exists an algorithm A that, given a formula F' € G, returns a
formula A(F) € G’ such that the following are equivalent:

o I satisfies F'.
o Any structure 3 in U satisfies A(F).
o There exists a structure 3 in U that satisfies A(F).

Remark 4.1.15. Let A be an algorithm that uniformly encodes a pair (G, )
in a pair (G',U), where G is a set of sentences over a language L and G is
a set of sentences over a language L'.
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. For any non-empty subset Gy of G, the algorithm A uniformly encodes

(Go, M) in (G',U).

. For any set G|, of L -sentences that contains G', the algorithm A uni-

formly encodes (G, M) in (G, U).

. For any non-empty subclass Uy of U, the algorithm A uniformly encodes

(G, M) in (G',\Up).

For any language L = L' U X, with L' N X = &, the algorithm A
uniformly encodes (G, M) in (G',UX), no matter the interpretation of
the elements of X given in the structures UX of UX.

. For any language L = L~ X # &, if the set of L"-formulas G"

which are in G is non-empty, then the algorithm A uniformly encodes

(G",Mx) in (G"U).

Uniform encodability can be used to show very strong undecidability re-

sults in the following way (the proof will be given in Section 4.3).

Theorem 4.1.16. Suppose that a pair (G,9M) is uniformly encodable in a
pair (G',U) and that there is no algorithm to decide whether or not a formula
F in G s true in M. Let C be a non-empty collection of non-empty subclasses
of U. There is no algorithm to solve the following problem:

(P) Given F € G', decide whether or not there exists a class V
in the collection C such that every structure 4 in V satisfies F'.

Theorem 4.1.17. The pair (F7,N) is uniformly encodable in

1.

4.

(Fes 2);

2 (FEN); and

3. (F7 zord;y Q) (where Q is any class as defined in Notation 4.1.12).
(F7°, Q) with

(a) L= L, o if # is L, ora-uped in €.
(b) L =L, iford is L, 2-uped in €.
(¢) L= L, if # and ord are L,-uped in S.
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In the following corollary, we specify some classes §2 for which we do have
uniform definition of # or ord (for Item 1, we use Lemma 4.1.3).

Corollary 4.1.18. The pair (F7,N) is uniformly encodable in the pairs
1. (F2,C), where C is any Biichi class of pairs (A,C) where C is a field

and A is a polynomial ring over C (in particular for the class of all
polynomial rings of characteristic at least 17).

2. (Fp ,C), where C is any Biichi class of pairs (A,C) where C is a
field and A is a rational function field over C' (in particular for the
class of all rational function fields of characteristic at least 19).

3. (]-"ﬁp:md,(?), where C is any Biichi class of pairs (A, C') where C' is a field
and A is a function field of a curve of genus at most some fived integer
go, with constant field C' (in particular for the class of all such function
fields of genus at most gy whose characteristic is at least 312g + 169,
where g is the genus of the function field).

Theorem 4.1.19. The pair (F7',7Z) is uniformly encodable in
1. (FF2 2);
pe .
2. (F22.D);

3. (.7:2;, C), where C is the class of all polynomial rings over a field of odd
positive characteristic, where T'(x) is interpreted in each structure as
“x is non-constant”.

Actually, the proof of Item 3 works (with only notational changes) in a
similar way to prove that the pair (¢, Z) is uniformly encodable in (F,,C),
where C is the class of all polynomial rings over a field of odd positive char-
acteristic.

We obtain the following corollary from Theorem 4.1.16 (choosing suitably
the class C of subclasses of U).

Corollary 4.1.20. Let £ and U be such that the conclusion of Theorems
4.1.17 or 4.1.19 hold and suppose that U is infinite. There is no algorithm
to decide whether or not a positive existential L-sentence is true for (for
example):

1. some 3 in U (this item does not require U to be infinite),
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2. all Y in U,

3. anfinitely many L in U,

4. all but possibly finitely many U in U,
5

. each structure in a given subclass of U.

4.2 Examples of (non-)uniform definitions

The proof of Lemma 4.1.3 is an easy adaptation of the proof of the analogous
result over the integers (which we got from a talk by A. Shlapentokh).

Proof of Lemma 4.1.3. Consider the following positive existential £.-formula
0x(t): Jz,u,v((zu — 1)((z + v — 1) = tx).

We prove that () is satisfied in a polynomial ring F'[z], where F is a field,
if and only if ¢ is distinct from 0. First note that it is clear that if the formula
is satisfied then ¢ is not 0 (since neither z nor z + 1 is invertible).

Suppose that t is non-zero. Since F[z] is a unique factorization domain,
we can write t as oty in such a way that z does not divide ¢y and z 4+ 1 does
not divide ¢;. By Bézout’s identity, there exist polynomials u, x,, v and x,
such that zu + tox, = 1 and (2 + 1)v + tyz, = 1. Therefore, we have

(zu — 1)((z + 1)v — 1) = toxytimy = tTyxy,
hence we can choose x = x,z, for the formula to be satisfied. O
Proof of Proposition 4.1.5. Let X be a non-empty finite set of prime numbers
and let ¢ be its maximum. The quantifier free {0, 1, + }-formula

q—1
\/ T =i
i=0
is satisfied in I, if and only if x is a square, for each p in X.
Suppose that ¢(x) is a positive existential {0, 1, 4+ }-formula that defines
the relation “z is a square” in IF,, for all primes p in an infinite set X. The
formula ¢(x) is logically equivalent to a formula of the form

Hyl...Hyn\/Li(x,yl,...,yn)

=1

77



4.2. Examples of (non-)uniform definitions

where each L; is a formal system of linear equations. Hence, for each p € X,
the set of x such that ¢(z) is true in [F,, namely, the set of squares in F,, is
the union of the projections on the variable x of the zero locus H} of each
L;. Each H? is an affine linear subspace of IFZ“ or the empty set. Since the
projection K? of each H! on z is an affine linear subspace of F,, it is either
the whole of F,, a point or the empty set. From now on assume that p is
bigger than 2. Since there are 7%1 squares in F,, none of the K? can be the
whole of F,, (as the union of the K7 is the set of squares in F,). Hence the
number r of disjunctions in the formula ¢ is at least ’%1, which is absurd. [

The rest of this section is dedicated to the proof of Proposition 4.1.4. If
A is a set of non-negative integers, then we define

An) =1AN{1,2,...,n}|
and

o(A) = inf A(n)

n>0 n

The function o is known as the Shnirel’'man density. If n > 2and A, Ay,..., A,
are sets of positive integers, we will write

iAZ = {i&il o; € Al}
i=1 =1

and nA is the sum of n copies of A.
The two following fundamental results on Shnirel’'man density can be
found in [Na, Chapter 11, Section 3.

Lemma 4.2.1. [Na, Lemma 11.2] If A and B are sets of non-negative inte-
gers such that 0 € AN B, o(A) > 3 and o(B) > 5 then A+ B is the set of
non-negative integers.

Theorem 4.2.2. [Na, Theorem 11.2] If Ay, ..., A, are sets of non-negative
integers containing 0, then we have

-0 (Z A,-) <10 -ota).
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4.2. Examples of (non-)uniform definitions

By a theorem of Linnik, given any set B of non-negative integers with
o(B) > 0, the set A = {2?: z € B} is a basis of finite order, that is, each
positive integer is a (uniformly) bounded sum of elements in A. We want to
show that the bound is the same for certain family of sets B.

Theorem 4.2.3. Let u > 2 be an integer, and
Clu)y={ne€Z:ufn}.

FEach non-negative integer is the sum of at most 5940 squares of elements in

C(u).
Using this result (proven below), Proposition 4.1.4 follows easily:

Proof of Proposition 4.1.4. By Theorem 4.2.3, the following positive existen-
tial {0, +, Ry }-formula uniformly defines the relation z > 0 in the class of
structures €, (which is enough to prove the result):

5940 5040
G(x) : Fx1, ..., Ts040 /\ (Ro(xi)Va; =0)ANx = le
i=1 i=1

where we recall that Ry(x) is interpreted as “x is a square and r does not
divide 2”7 in €,. O

We need two lemmas before we can prove Theorem 4.2.3.
Lemma 4.2.4. Let d, k be positive integers, let
Ai={z+1,...,2z,+k}
for 1 <1 <d be sets of k consecutive integers and let
Bi={z+1,...,zi+k—1}

(take B; empty if k = 1). Suppose that we have a set U C R? satisfying the
following:

(1) U is non-empty,
(2) U is conver,
(3) m(U) =m(H. ,,NU) for 1 <i<d, where m; : R* — R deletes the

zZ.

i-th coordinate and H: C R® is the hyperplane x; = w.
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4.2. Examples of (non-)uniform definitions

Then we have

d d
(k—Diun]]Al<kun]]Bil

i=1 i=1

Proof. We fix k > 1. Up to translation by the vector (zi,...,z4) we can
assume z; = 0 for each 7, hence

and
Bi=B={1,....,k—1}

for each 7. Define
lg=(1,...,1)

and observe that 1, belongs to U (otherwise U would be empty by the hy-
pothesis (3)). Let a; > 1 be a real number such that

(1,...,1,61(1) el
(this is possible because 14 € U) and such that, if
(1,...,1,) eU

for [ € A then ag > [ (this can be done because U is convex).

The proof goes by induction on d. Observe that for d = 1 the set U is just
an interval containing 1, thus the desired inequality clearly holds. Assume
that the result is true for d =n —1 > 1 and consider a set U C R" satisfying
the hypotheses. For the rest of the proof, the set H]' will be considered inside
R™. Tt is easy to see that, for any = € [1,a,] the set

U, =m(UNHY CR"!
satisfies the hypotheses of the Lemma with d =n — 1 and z = 0, hence
(k—1)" A" 'NU,| < k"B 'NU,|.
For z € A we have
T (HINA"NU) = A""'NU,

hence
[H'NA"NU| = |A"'nU,|
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4.2. Examples of (non-)uniform definitions

and similarly for x € B we have
|H'NB"NU|=|B"*NU,|.
In particular, for x € B (hence also € A), we have
(k—1D"YH'NnA"NU| < k" HH!NB"NU]|. (4.1)
The hypothesis (2) and (3) on U implies
T (HINA"NU)x ACA"NU

which gives us
1
|H£ﬂA”ﬂU!§E|AnﬁU|. (4.2)
Using the Inequalities (4.1) and (4.2) we obtain:

(k= D)"A"NU| = (k—=1)> (k—1)"|H N A" N U]
T€EA

= (k—=1)"HnA"NU|+
(k=1 (k—1)"Hn A" N

rzeB

1
< (k=1 AN U+ (k- 1) > kN HP N B N U

zeB

1
= (k=1)"-|A" N U] + (k = Dk '|B" N U|

hence
(k(k—1)"—=(k=1)"A"NU| < (k—1)k"|B"NU|
and we obtain finally
(k—1)"A"NU| < k"|B"NnU|.
O

Let d and k be positive integers, and r a positive real number. We let

La(r) = {v=(v1,...,vq) € Z%: ||Jv|]a < r,v; > 0 for 1 < i < d}
{v="(v1,...,09) €Z%: |Jv]|]a < 7r,v; > 0,k fv; for 1 <i < d}.
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4.2. Examples of (non-)uniform definitions

Lemma 4.2.5. We have
K\ Lay(r)] = (k= 1)?|La(r)].

Proof. Let U = D(0,r) be the d-dimensional closed euclidean ball of radius
r. Take integers z; > 0 congruent to 0 modulo k for 1 <17 < d such that

(z14+1,...,2¢+ 1) €U,

(if this is not possible - for r being too small - then the conclusion follows).
Write z = (21,...,2q4) and define the sets A; = A;(z) and B; = B;(z) as in
Lemma 4.2.4. It is clear that, as z ranges over all the possible choices then
the sets

un ﬁ Ai(z)

form a partition of L4(r) and the sets

Un]]Biz)

form a partition of Ly (7). For each fixed z, let
U, =Un{(z1,...,2q): x; > 2; for each i}.

Note that
d

UmHAZ-

=1

d

UzmHAi

i=1

d

UmHBi

=1

d

UzmHB,-

i=1

= and =

and note also that the hypothesis in Lemma 4.2.4 are satisfied for U,, A;(z)
and B;(z). The result follows. O

Proof of Theorem 4.2.3. Let r(n) be the number of ordered 6-tuples of inte-
gers (z1,...,xs) such that
n=Ya,

and let 7'(n) be the number of ordered 6-tuples of integers having their non-
zero coordinates in C'(u) and satisfying the same condition. Write

n n

R(n)=>Y r(k) and R'(n)=Y (k).

k=0 k=0
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4.2. Examples of (non-)uniform definitions

Observe that R(n) is the number of integer points in the 6-dimensional
closed euclidean ball B(0,/n) of radius y/n.

If z € RY define the box centered at z as the closed ball of radius 1/2 in
the oo-norm centered at z and write it B,. Observe that, if V' is a set of N
integer points in R®, then

N = Vol (U Bz> .
zeV

Given n > 0 define
I(n) =Z°N B(0,v/n)

and
I'(n) = {v € I,,: u does not divide the nonzero coordinates of v}

hence we have

R(n) =|I(n)| = Vol | | B.

z€I(n)
and
R'(n)=|I'(n)|=Vol [ | ] B.
zel'(n)

Moreover, decomposing I(n) and I’(n) in lower dimensional parts we have

R(m) =1+ Zz (o) 2t

and
6

R =1+ 32 ) Lautvl.

d=1

where (2) counts the number of non-zero components and 2¢ the distribution
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4.2. Examples of (non-)uniform definitions

of the signs. Hence, by Lemma 4.2.5 we get

> 1 Z(“u 1)d2d(fl)wd<mr
N (u;1>6R(n)
We have
B(O,\/_—\?)_ U B (4.3)
zel(n)
since if

V6

[oll2 < vin = ==

then the nearest lattice point to v is at a distance at most v/6/2. Therefore,
we have
6
6 3 6
w5 9)) -2 (150

which gives a lower bound that will allow us to conclude.

R > (“;I)G%B(ﬁ—?f

Let us now look for an upper bound. Given n > 1, let m(n) be the
number of integers k in {0, 1, ..., n} satisfying r'(k) = 0 and write X (n) for
the set of these integers. Note that

e (0) =1#0,
e for n > 0 we have 7(n) < 40n? (see [Na, Theorem 14.6]) and

e 1'(n) <r(n).
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4.2. Examples of (non-)uniform definitions

Therefore, we have the following upper bound for n > 1:

R(n) <1+ Y  r(k)
1<k<n
k¢X(n)

<1+40 Z k?

1<k<n

KEX (n)
<1440 Z k2

k=m(n)+1
2n° +3n° + 0 2m(n)’ +3m(n)® + m(n))
6 6

~ 140
Set
S ={2*: 2 € C(u)} U{ 0}

and A = 6S. Since m(n) =n — A(n), we use for n > 1 the upper and lower
bounds obtained for R'(n) to get

0 (2n3 +3n°+n 2(n—An))’ +3(n—A(n))*+n— A(n)) s

6 6
—(vn—V6/2)°.
u 6
Working out the left hand side one obtains
20(6n? + 6n + 1)

2A@)® — 2020+ DA@)? + A+ 1>
(") Fwva- Ve

Let o, be such that A(n) = o,n. Note that 0 < 0, < 1 (recall that n > 1
and 1 € A). Since u > 2 we have

_1\6 .3
(“ 1) TS 0.08,
U 6

hence for n > 3

40 200,
S 0n(0% = 30, + 30" + 200,(2 — o) + T"n t1>
6 (4.4)
0.08 <\/‘ - ?) .
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4.3. Uniform encodings

If for some n > 500 we have o, < 0.0014 then the above inequality
and elementary calculus gives a contradiction. Hence o,, > 0.0014 for each
n > 500. On the other hand, as 1 € A we have

1
> > 0.0014
In = 199

forn=1,2,...,499. Note that these bounds are far from being optimal, but
they are enough for our purposes.

This proves that o,, > 0.0014 for each n > 1. Therefore we have o(A) >
0.0014 and Theorem 4.2.2 implies

0(495A4) > 1 — (1 —0.0014)*" > 0.5.

By Lemma 4.2.1,
59405 = 990A = 2(495A)

is the set of non-negative integers. O

4.3 Uniform encodings

4.3.1 Proof of Theorem 4.1.16 and Corollary 4.1.20

Proof of Theorem 4.1.16. Suppose that under the hypothesis of the theorem
there exists an algorithm A to solve Problem (P), and let B be the algorithm
that uniformly encodes (G,91) in (G',U). Let us show that the algorithm
obtained by first applying B and then A decides whether or not a formula in
G is satisfied by 9 (which is absurd). Let F' be a formula in G and apply A
to the output G of F after applying B.

e if the answer is YES then there exists a non-empty class V in the
collection C such that every structure 4l in V satisfies G. In particular,
there exists at least one structure in U satisfying G. Therefore, 91
satisfies I (by definition of uniform encodability).

e if the answer is NO then for each class V in the non-empty collection C,
there exists at least one structure 4 in V not satisfying GG. In particular,
there exists at least one structure in & not satisfying G. Therefore, 91
does not satisfy F' (by definition of uniform encodability).

]
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4.3. Uniform encodings

Proof of Corollary 4.1.20. We list by item the collection C needed to apply
Theorem 4.1.16. The collection C consists respectively of:

1. all classes containing exactly one structure in ;
the class U
all infinite subclasses of U,

all cofinite subclasses of U,

vl W

the given subclass of U.

4.3.2 Techniques for uniform encodings

Following Cori and Lascar [CL] we recall the following notation and defini-
tions.

Notation 4.3.1. 1. If 4 is an L-structure, then for each symbol o of L,
we will write a* for the interpretation of o in 4.

2. Let f: 3 — 20 be a morphism of L-structures. We will say that f
is an L-monomorphism if for each relation symbol R we have: for all
T1,...,T, €U

R*xy,...,x,) holds if and only if R*®(f(x1),..., f(x,)) holds.

3. An L-isomorphism is an L-monomorphism which is onto.
Note that sometimes £-monomorphisms are called £-embeddings.

Definition 4.3.2. Let U be an L-structure and L' be a language. Suppose
that there exists a bijection f: L —L ' which sends symbols of constants to
symbols of constants, and for each natural number n > 1, symbols of n-ary
relations to symbols of n-ary relations, and symbols of n-ary functions to
symbols of n-ary functions. Let ' be the L'-structure with same base set as
L and where each symbol f(a) from L' is interpreted by o™. Given U and
f: L =L as above, we will refer to W' as to the (U, f)-induced L' -structure.
Moreover, in this context, we will denote by Aﬁ/ the algorithm that transforms
a formula over L into a formula over L' (simply using the bijection f). Note
that for every formula F over L, we have: i satisfies F if and only if Y
satisfies A% (F).
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4.3. Uniform encodings

Proposition 4.3.3. Let o € L be uniformly £ ~ X-definable in a class U
of L-structures. There exists an algorithm AS that, given an L-sentence F,
returns an L~ X -sentence A% (F') such that Y satisfies F' if and only if x
satisfies A% (F') for all structures 4 € U. Moreover, if o is (respectively,
positive) ezistentially definable and F is (respectively, positive) ezistential
then A% (F') is (respectively, positive) existential.

Proof. In each L-sentence F', replace a by the formula that defines it uni-
formly. m

Notation 4.3.4. 1. If A and B are two algorithms such that the set of
outputs of B is included in the set of inputs of A, we will denote by
A o B the algorithm that first applies B and then A.

2. Let ay,...,a, C L be uniformly L~ X-definable in a class U of L-
structures. We will denote by

the algorithm A% o--- o AY".

Proposition 4.3.5. Let G, G and G" be sets of sentences over L, L' and
L" respectively. Let MM be an L-structure, U a class of L'-structures and V
a class of L"-structures. Let (Vy) be a partition of V indezxed by a subclass

Mind on/{ ]f
o (G,M) is uniformly encodable in (G',U) by an algorithm A; and

e there exists an algorithm B such that for each 3 in Ui, the pair (G', L)
is uniformly encodable in (G",Vy) by B

then (G, M) is uniformly encodable in (G",V) by the algorithm B o A.
Proof. We may visualize the statement schematically as
(G.9) 2 (G, U) 2 (G Uina) > (g”, U Vu) =(6",V)
geu

and observe that by Item 3 of Remark 4.1.15, A uniformly encodes (G, )
in (G',Una). Let F be an L-sentence.
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4.3. Uniform encodings

Let us prove that if 9t satisfies F' then each U in V satisfies B(A(F)).
Since Y is in V, it is in some Vy, for some U in U,q. Since M satisfies F' and
(G,9M) is uniformly encodable in (G',U) by A, 4 satisfies A(F'), and since
(@', 41) is uniformly encodable in (G, Vy) by B, U satisfies B(A(F)).

Let us prove that if U satisfies B(A(F)) for some U in V then 9 satisfies
F. Let & in U be such that ¥ is in Vy. Since U satisfies B(A(F')), also U
satisfies A(F), hence 9 satisfies F. O

We see from the proof that the above proposition actually requires only
a covering of V instead of a partition.

We now describe the general strategy that we will use several times in
order to uniformly encode the natural numbers in classes of structures. De-
pending on the class in which we want to encode we will sometimes need two
steps.

One step encoding process. Let 9 be a L-structure. In order to prove
that a pair (F7°,9) is uniformly encodable in a pair (F;°,U) we will en-
large the language £ by a set of symbols X = {ay,...,a,} and consider an
interpretation of each element of X in each i € U so that

1. it is easy to prove that (F2°,90) is uniformly encodable in (F7 x,U™),
say by an algorithm A; and

2. each a in X is uniformly positive existentially £-definable in .

From Item 2 we can apply Proposition 4.3.3, and we will then be able to
conclude by using Item 2 of Remark 4.1.15 since

X (Frox)

is included in F}°. Schematically, we perform (with some obvious abuses of
notation):

Aal ,,,,, an
X

e A e Q1 ,..,0n e e
(FR5 M) == (Fpx, U™ ) s (A7 (FL0),U) C (F2°,U)

and we deduce that the algorithm Ay = A" o A uniformly encodes
(F£9M) in (F2°,U).

Two steps encoding process. Let 9 be a £-structure. Suppose that we
have an algorithm A, given by the “one step encoding process” to uniformly
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4.3. Uniform encodings

encode (F7°, M) in a pair (F;°,U) and that we want to encode it in another
pair (F7;, V), for some class V of £'-structures. Assume that we can find a
partition (V) of V indexed by a subclass Ui,q of U (note that by Item 1 of
Remark 4.1.15, Ag uniformly encodes (F72°,90) in (F7°, Uina)). In order to
apply Proposition 4.3.5, we need to find an algorithm B such that for each
€ Uina, (F7°, ) is uniformly encodable in (F77, Vy) by B. We then need to
enlarge the language £’ by a set of symbols Y = {31, ..., 3,} and consider
an interpretation of each element of Y in each U € V so that we can easily
find an algorithm B’ such that

1. for each 4 € Uing, (F7°,Y) is uniformly encodable in (F75 -, Vy) by B';
and

2. each ( in Y is uniformly positive existentially £'-definable in V.

At this point, the algorithm B is the composition

is included in 7. So the composition B o Ay uniformly encodes (F3°, )
in (F£7,V). Schematically we obtain:

(FE°,9M) 22 (F2°,U) D (FE°, Uina)

B . Aﬁl 77777 Bn B . o
@RWU%>J_HM?ﬂG%ﬁW£G%W
Uind

and we deduce that the algorithm

uniformly encodes (F3°,9) in (F7, V).

In order to find the algorithm B’ in the above process, we will need the
following lemmas. They are certainly well known, but we decided to include
them as we could not find a reference with the precise statements we needed.
Let us introduce first some notation.
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4.3. Uniform encodings

Notation 4.3.6. Given a map f: X — Y, we will denote by

o ~; the equivalence relation on X defined by: a ~y b if and only if
fla) = f(b);

o X; the quotient set %f;
e m; the canonical projection
e X — Xy
o f the unique map B
f: Xy =Y
such that fon; = f; and

o if R is an n-ary relation on X then Ry will denote the n-ary relation
on Xy defined by: Re(m(x1),...,m(x,)) if and only if there exist uy €
wr(x1), ..., uy € mp(xy) such that R(uy, ..., uy).

Lemma 4.3.7. Let X and Y be sets together with n-ary relations R on X
and S on'Y. Let f: X —Y be a function. If the function f satisfies:

1. if R(xy,...,x,) holds then S(f(x1),..., f(x,)) and

2. if S(f(z1),..., f(xn)) holds then Ry(me(xy), ..., mr(xy)),

then the relation Ry satisfies:
Ry (%1, ...,%,) holds if and only if S(f(Z1),..., f(Zn)) holds
forall zy,...,2, € Xy.
Proof. We need only to prove the implication from left to right. Let
Ti,... 00 € X

and suppose that
R¢(Z1,...,Ty)
holds. By definition of Ry, there exist

UL E T,y ..., Uy € Ty
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such that
holds. By Condition 1,

holds, and since f = f o,

holds, hence also

holds. O

Definition 4.3.8. Let f: 4 — 20 be a morphism of structures over a lan-

guage L. We will say that f is relation-onto if for every relation symbol R
of L we have: for all xy,... ,x, € U, if W satisfies R(f(x1),..., f(x,)) then
there exist uy ~y 1, ..., Uy ~f T, such that 4 satisfies R(uy, ..., uy).

Note that the condition of being relation-onto does not need to be checked
for the equality (as it is trivially satisfied).

Definition 4.3.9. Given a morphism of L-structures f: 4 — 20, where i
has base set U, the quotient L-structure iy is defined as follows:

o the base set of Yy is Uy,

e for each function symbol h (including constant symbols), the interpre-
tation of h in iy is given by:

WY (T, &) = B2y, .. 2);

e for each relation symbol R, the interpretation of R in Uy is given by:
RY (Zy,...,Z,) holds if and only if there exist uy € Ty,...,u, € Tp
such that R*(uy, ..., u,) holds.

Proposition 4.3.10. Let f: 4 — 2J be a morphism of L-structures. We
have:

1. The quotient structure iy is indeed an L-structure.

2. The canonical map my: U — Ur is a L-morphism.
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3. The induced map f: Uy — 20 is an injective L-morphism.
4. The morphism f is relation-onto if and only if f is a L-monomorphism.

5. The morphism f is onto and relation-onto if and only if f is a L-
1somorphism.

Proof. The proof is easy and left to the reader (it comes from Lemma 4.3.7).
O

The following lemma is well known.

Lemma 4.3.11. Let 8 be an L-structure, < a binary relation symbol, and
T the theory of the equality for the symbol <. The quotient structure U/ =<
is an L-structure which satisfies T~ (hence it is a equalitarian structure) and
s elementarily equivalent to 4.

Proposition 4.3.12. Let Ly be a first order language. Let Uy be a class
of Lo-structures and 23 be an Ly-structure. Assume that for each structure
€ Uy there exists a morphism fy: U — W which is onto and relation-
onto. Let Ly be a language that contains Ly and, given an interpretation for
each symbol of L1 ~\ Ly in each structure b of Uy, we denote by Uy the new
structure, and Uy denotes the class of Li-structures ;. If the collection of
relations ~y, is uniformly definable by an Ly-formula ¢(a,b) in U, then the
algorithm A which does the following:

In any Lyo-sentence F', for each relation symbol R (including the
symbol of equality) that occurs in F', replace R(zy,...,x,) by

Eluh <y Un (/\ gp(uzayl) A R<u17 s 7un)> )
=1

uniformly encodes (Fr,,20) in (Fr,,Ur). Moreover,

e if the formula ©(a,b) is evistential then A uniformly encodes (Fz,,20)
m (le,ul);

e if the formula ¢(a,b) is positive existential then A uniformly encodes
(Fre,20) in (Fp.,Uy).
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Proof. Let us show that the algorithm A uniformly encodes (F.,,20) in
(Fz,,Uy) (the same algorithm works analogously for the two other cases).
By Proposition 4.3.10, Item 5, for each U in the class Uy, 2T satisfies I if
and only if 4, satisfies F. Let us define the Ly-structure 4/ by

e the base set of U/ is the base set of 4;
e function symbols are interpreted in {4/ as in 4;

e for each relation symbol R (including the equality) of Ly,

R (T1,...,xp)
holds if and only if there exists u1, ..., u, € U such that u; ~y, @1, ...,
Uy~ Tp and RY(uy, . .., u,) holds.

In particular, the symbol of equality is interpreted in 4/* as the relation ~, .
By Proposition 4.3.10, Item 2, the Ly-structure /% satisfies the theory of
equality 7_. By Lemma 4.3.11, the structure iy satisfies [ if and only if
U satisfies F. Therefore, 8y, satisfies F' if and only if 44; satisfies A(F). O

4.4 Case of integers

4.4.1 Some general uniform definitions in A’ and D

In this section we will show in particular that squaring powers of a prime is
uniformly positive existentially definable in A" and in D - see Notation 4.1.1,
Items 8, 9, and 10.

When working with the structures 9, the string ‘a < 0’ stands for

de(b=a+c).
Notation 4.4.1. 1. for each prime number p we define
Py ={p":heN} P ={£p": h e N}
Pp>,0:{ph3 h € N5o} P;"Eoz{j:ph: h € Nog}

Lemma 4.4.2. The formula P(n) = R(1,n) uniformly positive existentially
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4.4. Case of integers

1. L*T-defines the collection of sets P in N (hence in particular Py is
L5 -uped in N);

2. Li.-defines the collection of sets Ppi in D (hence in particular Ppi is
L.-uped in D).
Proof. This comes immediately from the definitions. O

Lemma 4.4.3. The formula

Pin): 4 T A =2) ifeis >
o R(1,n) AT (n) if € is £

uniformly positive existentially

1. L% -defines the collection of sets Py in N if ¢ is > (hence By is
L5 -uped in N).

2. L3.-defines the collection of sets ij,to in D if e is £ (hence ij,to 18 L-
uped in D).

Proof. This comes immediately from the definitions. ]

Lemma 4.4.4. Consider the positive existential formula
05(m,n): Ps(m) A P5(n) A R(m —1,n —m)

over L% if e is >, and over L} if € is £. For each prime p, we have

2

1. M, satisfies 07 if and only if m,n € Py and n=m?*; and

2. D, satisfies 0_1% iof and only if m,n € P;EO and

o cither n = m?; or

e p=2and (m,n) € {(-2,-8),(2,-2), (4,-2), (4,-8)}; or

e p=3and (m,n) = (3,-3).
Proof. We leave to the reader the verification of the implications from the
right to the left. Suppose that 6% is satisfied in ®, or M, (depending on ¢).

There exist integers r, s, ¢ such that r > 0 and s > 0 and there exist p,o, A
in {—1,1} (or =1 if working in 9, so that

T S

m = pp n=op n—m = \p‘(m —1).
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By direct substitution we obtain

op® —pp" = p'(pp” — 1)

and deduce
ap® + X' = pp" (" + 1)

which implies that ¢ is positive (looking at the latter equation modulo p).
Write the above equation as

op® = pp" — A" + pAp* (4.5)

and consider it over the ring Z, of p-adic integers (or simply as an equation
written in base p).
In the case of 91,, Equation (4.5) gives

ps +p€ _ pr +pTH. (46)

Since the right-hand side has two non-zero p-adic digits (for some choice of
digits containing 1), we have either s = r and { = r 4+ ¢, or s = r + ¢ and
¢ = r. But the former case is impossible since > 0. Hence s = 2r and we
deduce that n = m2.

Let us come back to the general case of integers. Note that by Equation
(4.5), if p= X then 0 = A\p =1 and s = 2r, hence n = m?.

If p > 3 then, since the coefficients lie between —1 and 1 and since
r 4+ ¢ > max{r,(}, we deduce, from the uniqueness of the p-adic expansion,

choosing for example representative “digits” within

p-y_p=t ~p=1ll
2 2

that r = £. Therefore, we have

op® = (p—Np" + App” (4.7)

and if p = X then 0 = \p = 1 and s = 2r, hence n = m?. If p is distinct

from A then p must be 3 since otherwise the right-hand side would have two
non-zero digits while the left-hand side has only one. Equation (4.7) becomes

03% = 2p3" — 3%
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4.4. Case of integers

hence
03" =2p-3"

which implies s = r (looking at the equation modulo 3). Therefore we have
oc=2p—-3"

which can happen only if c = —1, p =1 and r = 1, hence (m,n) = (3, —3).

Suppose that p = 2. Note that if » = ¢ and p = X\ then we conclude that

n = m? as before.
Case p = —\. Equation (4.5) becomes

2" 4 528 = p(27 +2°). (4.8)
If 0 =1 then p = 1, which gives
2t 425 = 2r 4 2F,

Since r+/¢ > max{r, {}, by the uniqueness of the 2-adic expansion with digits
{0,1}, we have r = ¢, hence

227" + 28 — 27‘—}-1'

Hence s = 2r and 2% ™! = 27! which is impossible since r > 0.
Therefore, 0 = —1. If p = —1 then Equation (4.8) becomes

21“-{-( + 27“ + 25 — 25’
which gives r = ¢ (again by uniqueness), hence
227“ + 2T+1 — 28

and we deduce that 2r = r 4+ 1, hence r = 1 and s = 3, which corresponds
to the pair (m,n) = (-2, —8). If p = 1 then Equation (4.8) becomes

27‘-{-( — 28 _|_27‘+2€,

which implies (again by uniqueness of the expansion) that either s = r, or
s=Ll,orr==~.

o If s =r then 277 = 271 4 2¢ hence r + 1 = ¢, hence 2% ! = 2"+2 and
r = 1. This case corresponds to the pair (m,n) = (2, —2).
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4.4. Case of integers

o If s =/ then 275 = 2571 12" hence s+ 1 = 7, hence 225! = 2572 and
s = 1. This case corresponds to the pair (m,n) = (4, —2).

o If 1 = / then 2% = 25 + 27! hence s = r + 1, hence 2?" = 2"*2? and
r = 2. This case corresponds to the pair (m,n) = (4, —8).

Case p =\ and r # (. Equation (4.5) becomes
02° = p2" — p2t + 27t (4.9)

If p =1 then
025 =2" — 2t 4 ot 5 om > (),

hence ¢ = 1. Therefore, we have
28 428 = 2m - 2rtt

which we know from the analysis of Equation (4.6) that it has no solution
unless ¢ = r. O

Corollary 4.4.5. There exists a positive existential formula

1. 03(m,n) that uniformly L**-defines the collection of sets {(p", p*"): h €
N} in N (hence squaring in P, is L5 -uped in N).

2. 05(m,n) that uniformly Li-defines the collection of sets {(£p", p*"): h €
N} in D (hence squaring in PpjE is Lh-uped in D).

Proof. Choose

0 (m,n): G (m,m) V (m =1 An = 1),
for Ttem 1 and
05(m,n): ((m = 1vm = —1)An = 1)V(05(m,n)An # —2An # —3An # —8)
for Item 2. ]

Remark 4.4.6. Corollary 4.4.5 allows us to write in our formulas terms like

a?, a*, a®,... whenever a is an element of P,, P,, PpJr or pro.
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4.4. Case of integers

4.4.2 Multiplication uniformly in AV and Z

In this section we will first prove Item 1 of Theorem 4.1.13 and then deduce
Item 2 from it.

Lemma 4.4.7. The collections of sets
M, = {(n,p*,np*): n >0 and a > 0}
are LT -uped in N

Proof. Following the strategy of the second author in [Phl, Section 2|, we
show that the following formula ¢(z,y, z)

PP(yY)Az>x ARz, 2) ARz +1,2+y) AR(x +y, 2+ %)

is true in M, if and only if (x,y, 2) € M,.
If 2 = 2y and y = p® for some non-negative integer a, then we have

® 2> u;
o 2 = ap%;
o z+y=uxp®+p*=p*x+1); and
o z+yt=ap’+p* =p(z+y),

hence 91, satisfies (x,y, 2).
Suppose that I, satisfies p(z,y,z). There exist integers a, o, 3, such
that a > 0 and

y=p" (4.10)
2z =pz (4.11)
z+y=p’(r+1) (4.12)
2y’ =p(z+y) (4.13)

First note that if x = 0 then z = 0 and we are done, hence we suppose that x
is positive. From z = p®x, z > x and x > 1 we deduce that « is non-negative.
Also we have  and « non-negative (since from Equation (4.12) we have

r+1<z+y=p°(x+1)
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4.4. Case of integers

and from Equation (4.13) we have x +y < z + y*> = p?(z + y)).
From Equation (4.11), (4.12) and (4.13) we obtain

a(p* =) =p’ = p° (4.14)

and from Equation (4.10), (4.11) and (4.13) we obtain

w(p® —p7) = p**T —p*. (4.15)

Let us prove that if two elements of {a, a, 3,7} are equal then z = xy.

If a = o then we conclude from Equations (4.10) and (4.11).

If a = (3 then we conclude that o = (8 from Equation (4.14) and x > 0.

=~

and x > 0.

If o = 3 then we conclude that a = ( from Equation

(
If a = ~ then we conclude that a = 7 from Equation (4.

(4.14

(4.

)

15) and x > 0.
)
)

If & = v then we conclude that a = v from Equation (4.15) and = > 0.

If 8 = v then from Equations (4.14) and (4.15) we have p® — p* =
p**P —p?* hence p®(1 — p*) = p*(1 — p?), hence either a = (3, in which
case we can conclude as above, or a = 0 and § > 0. In the latter
case, from Equation (4.14) we obtain z(p® — p”) = p® — 1 > 0, hence
a > 3> 0, which is impossible since p does not divide p® — 1.

From now on, we may suppose that a, a, 3, and v are pairwise distinct.
From Equation (4.14), we have

a > fif and only if 8 > a (4.16)

hence either &« > > a or @ < < a. Similarly, from Equation (4.15), we

have

a > v if and only if v > a (4.17)

hence either o > v > a or a < v < a. So we have four possible orders:

1.
2.

3.

a>f[B>v>a;
a>y>0>a;

a< f<vy<a;or
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4. a<y< f<a.
From Equations (4.14) and (4.15) we have
(=)@ —p") = 0" = P") (" — p")p". (4.18)

Hence the orders 2 and 4 are impossible (otherwise the left-hand side would
have smaller absolute value than the right-hand side). In case of order num-
ber 1, the valuation at p in Equation (4.18) gives

v+a =0+ 2a,

hence
y=03+a>v+a,

which is absurd. In case of order number 3, we obtain
atf=a+v+a,

hence
b=~v+a>p0+a,

which is absurd. [
Next corollary proves Item 1 of Theorem 4.1.13.

Corollary 4.4.8. Multiplication is L*"-uped in N .

Proof. The proof is identical to the proof of [Phl, Lemma 3] using Lemma
4.4.7 instead of [Phl, Lemma 2]. O

Next corollary proves Item 2 of Theorem 4.1.13.
Corollary 4.4.9. Multiplication is L*-uped in Z.

Proof. Let p(z,y,z) be a positive existential £**-formula that uniformly
defines multiplication z = xy in N (it exists from Corollary 4.4.8). Let
f(x,y, z) be the L*-formula obtained from u by replacing (syntactically) all
occurences of the form Ju (where u is a variable) by Ju > 0. The (positive
existential) L£*-formula

pi(x,y,2) = pl(z,y,2) Ae >0Ay>0A2>0
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uniformly defines the set
{(z,y,2): z =y and x,y,z > 0}
in Z. The (positive existential) £*-formula

po(x,y, 2) = \/ 12 > 0Ney > 0Aezz > 0A (e, ey, £32)
ee{-1,1}3

uniformly defines {(x,y,2): z = zy} in Z. O

4.4.3 Multiplication uniformly in D

In this section we prove Item 3 of Theorem 4.1.13.

Lemma 4.4.10. There is a positive ezistential L.-formula CO(x) that de-
fines uniformly the collection of sets

CO,={n€Z:ptn}
in D (hence the sets CO, are Lks-uped in D).
Proof. Consider the formula

Im (P (m) An|m —1).

If n € CO,, then we can take m = p?U")  since by Euler’s theorem we know
that p#(") is congruent to 1 mod n.

Conversely, if the formula is satisfied in some ®,, then there exists k € Z
such that nk = m — 1. Since p divides m, it does not divide n. O

The next lemma defines squaring uniformly in each CO,,.

Lemma 4.4.11. The collection of sets
{(n,n*): n € CO,}

is Lr-uped in D. More precisely, for any integer prime p we have: n =
m? with m,n € CO, if and only if D, satisfies the following L3-formula
GC’O(mv n)

CO(m) A CO(n) A Ja(Pi(a) Amla®* =1 Anla®> —1Aa® —m|a'® —n).
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4.4. Case of integers

Proof. It n = m? and m,n € CO, we have two cases; if |[m| = n = 1 then any
a € ijfo works, and if 7'(m) then n > 2 and we can choose a = p?(M®*(M)/2,
where ¢ stands for Euler’s function (recall that ¢(n) is even for n > 2).

Suppose that D, satisfies Oco(m, n) for some m,n € CO,. Since a € Ppi’0
we have a > 2. Since m and n divide a® — 1, we have |m| < a® and |n| < a?.
Since a® — m divides

16

a —n:als

—m?+m? — n,
we have:
1. a® — m divides m? — n;

2. |m? —n| < a* + a?® (since |m| < a® and |n| < a?); and

3. |a® —m| > a® — a® (since |m| < a?).

2 8

By 1, we have that either m*> —n = 0 or |a® — m| < |m? — n|. For the sake
of contradiction, suppose that the latter is true. Then we have

a® —a? < |a® —m| <|m? —n| <da* +a®
hence, since a > 2 we get
a® <a*+2a* <a +a* <a®
which is impossible. Therefore m? = n. O
Lemma 4.4.12. The collection of sets
{(z,y,2): z =2y and x € CO, and y € Ppi}

is Lr-uped in D. More precisely, for any integer prime p, we have: x =
mn with m € CO, and n € Ppi, if and only if ©, satisfies the formula
pCP(mvnVr)

m=—1Am=—-2)V(n=1Am=uzx)V
(CO(m) A Py (n) A 3a,b(0co(m, a) A5 (n,b) Abco(m +n,a+ 2z +b))).

Proof. Note that if p does not divide m and n € Ppi,O then p does not divide
m + n, and note that (m +n)* = a + 2mn + b. O
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We are now ready to show that squaring is L£-uped in D.

Lemma 4.4.13. For any integer prime p and for any m,n € Z the following
holds: n =m? if and only if ©, satisfies

Ja, b,u,v(P(a) A P(b) AN CO(u) A CO(v) A pep(u, a,m)A
pep(v,b,n) A05(a,b) A bcolu,v))

Proof. Choose

ord,m

a=p and u =

m
a
and do the same for n. O

It is standard to define multiplication using squaring: for any m,n,h € Z
the following holds:

h =m -n if and only if (m + n)*> = m* + 2h + n?.

Hence multiplication is L£5-uped in D and Item 3 of Theorem 4.1.13 fol-
lows.

4.5 Pell equations uniformly

If z and a are polynomials in z, we will denote by z(a) the composition x oa.
Let us first remind some known facts about Pell equations.

Theorem 4.5.1. Let F be a field of characteristic p # 2 and let z be a
variable. Let a € Fz]| N F. Any solution (X,Y) = (z,y) in F[z] of the
equation

X2 —(a®-1)Y?*=1 (4.19)

is of the form (z,y) = (f£x,(a),yn(a)) where the pairs (z,(z),y,(z)) are

defined by .
Tn(2) + V22 — lyn(z) = (z + V22— 1) (4.20)

by separating rational and irrational parts over F(z).
Moreover, for any m,n € Z we have

1. :vm+n(a) = :vm(a)mn(a) - (@2 - 1)ym(a)yn(a);

2. Ymin(a) = zm(a)yn(a) + v,(a)ym(a);
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4.5. Pell equations uniformly

3. The integer m divides in Z the integer n if and only if the polynomial
ym(a) divides in F|z] the polynomial y,(a);

4. If p# 0 then for any s € Z we have: n = +mp® if and only if x,(a) =
2P (a).

5. yn(a) is non constant if and only if n ¢ {—1,0,1}.
Proof. See [PZ1]. O

Theorem 4.5.1 tells us essentially that the structure of the set of solutions
of the Pell equation (4.19) does not depend on the parameter a, not only as a
group, but also as a structure with the relation of divisibility and the function
that takes p*-th powers.

Notation 4.5.2. We consider the following two groups:

1. (Z X po, ®), where po is the multiplicative group with two elements, has
its law defined by

(m,v) ® (n,w) = (wm + vn, vw).

2. If F is a field of characteristic p # 2, then
Sa(F) C Flz] x F[2]
denotes the set of solutions of
X2 —(a* - 1)Y?*=1,
where a € Flz] \ F. It is well known that the operation
(z,y) ® («',) = (z2" = (¢ = Vyy', 2y’ +2'y)
defines a group law on X,(F).
Let us define the class Q as the set
{Q,: p is prime}
where the L-structures 9, are defined as follows

e the base set is Z X pig;
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0 is interpreted as (0, 1);

1 is interpreted as (1, 1);

+ is interpreted as @®;

e (u,v) | (z,y) is interpreted as “u divides x”;

e R((u,v),(x,y)) is interpreted as “u |, x;

e T'((u,v)) is interpreted as “u is not in {—1,0,1}".

Let 3 be a unary predicate symbol interpreted in each L}-structure Q,
as

B ((vy,v9)) if and only if vy = 1.
Lemma 4.5.3. The symbol (3 is L -uped in Q by
Cv): Iwv=w+wVv=w+w+1)

Proof. The formula ((v) is satisfied in 9, if and only if there exist wy; € Z
and wy € g such that

(v1,v2) = 2(wy, we) = (2wyiwg, 1)

or
(vlv UQ) - 2(w17w2) + (17 1) = (2’(1)111)2 + L ]-)7

and the latter happens if and only if vy = 1. n

It is well known that X, (F') is isomorphic to the additive group Z x %.
We will use this fact in the following form:

Lemma 4.5.4. The map

ga,F: Z X Ho — Ea(F)
(nye) +— (exp,Yn)-

s an isomorphism of groups.
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Notation 4.5.5. Let F' be a field of characteristic p # 2 and a € F|z]
non-constant. We consider the following L3.-structure

G(F) = (Su(F): (1,0), (a.1), &, |, &.T)
where
e (z,y) | (u,v) means “y divides v”;
o R((x,y), (u,v)) means “there exists s € Z such that z*" = u”

o T(z,y) means “y is not a constant”.

Lemma 4.5.6. For any field F' of characteristic p # 2, and for each a €
Flz]| N\ F, the Lh-structures &,(F) and Q, are isomorphic through &, .

Proof. 1t is an immediate consequence of Theorem 4.5.1. ]

Notation 4.5.7. Consider the L 4-formula
Sla,v,w): V2 + (@ = Dw? =1

and note that it is satisfied in F[z] if and only if the pair (v,w) is a solution
of the Pell equation with parameter c.

Lemma 4.5.8. If «a is interpreted as a non-constant element of F|z] then
the positive existential L a-formula

nla,v,w): (v, w) A (G, y(8(ana,y) A (v = 2% = (02 = 1)y? Aw = 2uy)V

(v= (2% = (& = D) — (a* = 1)2zy Aw = 2° — (® — 1)y* + 2azy))).

is satisfied in F[z] if and only if (u,v) is a solution of the Pell equation with
parameter o and u = x,, for some integer n.

Proof. This is trivial from Lemmas 4.5.3 and then 4.5.6. [

Lemma 4.5.9. For each ¢ in {£1}, let us consider the following positive
existential L z-formula A% (o, x,2'):

n(ex,ex’) A3y, 4, y1, 2 (0, ez, y) A (o, ex’, Y )A
d(ex,ex’ 1) No(ex + 1,62’ + 1, 1))
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4.6. The relation “y is a p*-th power of z”

and write
(o, ,2) \/ A (o, z,2")
ee{£1}

Whenever « is assigned a non-constant element of F[z], the formula Ao, x, x')
is satisfied in F[z] if and only if Rppj(x,x") holds (see Definition 4.1.6).

Proof. Note that A! is analogous to the formula of Lemma 2.4 in [PZ1]. [

4.6 The relation “y is a p°~-th power of z”

In this section, we prove Theorems 4.1.8, 4.1.10 and 4.1.11.

Lemma 4.6.1. Let A be a commutative ring with unit. Let x,y € A such
that y = xP" for some non-negative integer s. Write

wh = (z —1+n)""
where n =1,..., M for some integer M > 2. We have
Ty = 17 and r+y=a5—a7—1.
Proof. Let us show that the second equation holds. We have:

r+y=x+a"
=P b2 1 -2 -1
=@+ 1)(a” +1) -2 —1
=@+ 1)(z+ 1) -2t -1
= (x4 )P Pt ]

_ .2 2

which proves the lemma. O

Proof of Theorem 4.1.8. Suppose that Biichi’s problem has a positive answer
for a triple (A, C, M) and write My = My(A, C), so that we have: any M-
term Biichi sequence (x,,) of (A,C), with M > My, is of the form

= (f+n)

for some non-negative integer s and f € A.
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4.6. The relation “y is a p*-th power of z”

Consider the following formulas from the language of rings

2

@0(1’1, s 7'TM07x7y>: A(2)<$%, s 7$M0) = (2) /\I’y - x%/\x—f-y - ‘/L'g_l‘%_]-)

ng(l’,y)Z E|x1 cee ElxMo(PO(xla s 7xM0>x7y)

and
QOMO(J:’ y) @1(5L‘7y) v (,01(:%1')

For short, we might write
“there exists s € Z such that y = 27”7

instead of “ there exists s € N such that either y = 27" or x = y*"”.

Let us prove Item 1 of Theorem 4.1.8. Let z,y € A be such that Ra(x,y)
holds. By definition of R4 we have y = *” for some integer s. If s > 0, taking
r, € A such that 22 = (x — 14 n)P ™! the formula ¢y, (7, y) is satisfied in A
by Lemma 4.6.1. Analogously if s < 0 then by taking 22 = (y — 1 +n)P !
the formula ¢4 (y, z) is true in A by Lemma 4.6.1.

Let us prove Item 2 of Theorem 4.1.8 (note that one implication comes
directly from Item 1). Let z,y € A be such that A satisfies ¢p,(x,y) and
xy or x + v is not in C. On the one hand, if zy is not in C then z? is not
in C. On the other hand, if z + y is not in C then 23 — 22 — 1 is not in C,
hence one of 2 and 23 is not in C. Therefore, the sequence (1, ...,zy,)
is a Biichi sequence with at least one term non-constant and by hypothesis,
there exists f € A such that

= (f+n)!

for some non-negative integer s. Therefore we have a system of equations in
x and y

vy = (f+ 17"
r4+y=(f+2P T —(f+1)PT -1

whose unique solutions are
(wy)=(f+1L(f+1)) and  (z,y)=((f+ D", f+1)

(the verification is easy and is left to the reader). Hence either y = a?" or
x=1y", ie. Ru(x,y) holds. O
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Proof of Theorem 4.1.10. Within this proof, “transcendental” will always
mean “transcendental over C”, and “algebraic” will always mean “algebraic
over C”.

The positive existential formula from the language L = {0,1,+,-, T}

ve(,y): (T(y) VI (@ +y) A (,y)V
FuIv((T(uwv) V T(u+ v)) A ere)(uz, vy) A eae)(u,v))

uniformly defines R4 in C over L.
Indeed, if R4(z,y) holds then there exists an integer s such that y = z?".
If either xy or x + y is transcendental then A satisfies

(T(zy) VT(x+y) A ome) (@, y),

by Theorem 4.1.8. If none of xy and x + y is transcendental then choose u
transcendental and v = u”” if s > 0, or choose v transcendental and u = v?
if s < 0. For these choices of u and v, A satisfies

(T'(wv) V T(u+v)) A omey(uz, vy) A ome)(u,v).

Suppose now that A satisfies ¢l (z,y). If A satisfies

(T(xy) vV T(z+y) A eme(z,y)

then R4(x,y) holds by Theorem 4.1.8. If not then there in particular both
of zy and = +y are algebraic, hence both of x and y are algebraic. Also there
exist u,v € A such that

e uv or u+ v is transcendental (hence u or v is transcendental);

e there exists r € Z such that v = u?" (by Theorem 4.1.8 and the previous
item); and

o A satisfies v (uz, vy).

Note that the first and second items imply that both u and v are transcen-
dental.
Suppose that = or y is not 0 (otherwise R4(z,y) holds trivially).
Case 1: If uxvy or ux + vy is transcendental then, by the third item and
Theorem 4.1.8, there exists s € Z such that vy = (uz)?’, hence none of x
and y is 0 and
uy = (uz)”,
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4.6. The relation “y is a p*-th power of z”

which implies
T__ S S
yuP 7P =P

and therefore, r = s (since u is transcendental but none of x and y is tran-
scendental nor 0). Hence R4(z,y) holds.

Case 2: If both uxvy and ux + vy are algebraic then both ux and vy are
algebraic, hence they are 0 (since u and v are transcendental but x and y are
algebraic), which contradicts the fact that x or y is non-zero.

This finishes the proof of Item 1 of Theorem 4.1.10.

Let us prove Item 2, namely, let us prove that the positive existential
formula @Z(x,y) from the language £, = {0,1,+, -, z}

©e(x,y): onmey(T,y) V Iulone)(z,u) A (are) (22, uy) V @ue) (uz, 2y)))

uniformly defines R4 in C over L,.

Suppose first that Ra(z,y) holds. There exists an integer s such that
y =a?. If s > 0, then by taking u = 2#" the formula @y c)(zx, uy) holds
in A by Theorem 4.1.8. If s < 0, then by taking u = 2P~ the formula
©ume)(ux, zy) holds in A by Theorem 4.1.8.

Suppose now that A satisfies pZ(x,y). If zy or x + y is transcendental
then as A satisfies ppr(c)(z,y) we are done by Theorem 4.1.8. So suppose
that both zy and = + y are algebraic (hence both = and y are algebraic).

Suppose that A satisfies

u(pnre)(z,w) A parey(zr, uy))

(the other case is done similarly). Since A satisfies @yc)(2,u) and z is
transcendental (hence zu or z 4+ u is transcendental), by Theorem 4.1.8,
there exists an integer r such that

u =z (4.21)

and in particular u is transcendental. Note that if both x and y are 0 then
we are done. So we may assume that one of the two is non-zero.

Case 1: If uy+ zx or uyzx is transcendental, as A satisfies o) (22, uy),
there exists an integer k such that uy = (zz)?" by Theorem 4.1.8. In par-
ticular, none of  and y is 0. By Equation (4.21) we have 22"y = (zz)?",

hence
r__ .k k
2Py =P
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which implies £ = r (since x and y are algebraic and non-zero and z is
transcendental) and the result follows.

Case 2: If both uy + zx and uyzx are algebraic then both uy and zx are
algebraic, which is impossible since u and z are transcendental, z and y are
algebraic, and at least one of x or y is non-zero. O]

Proof of Theorem 4.1.11. Consider the positive existential Lr-formulas

Yi(z,y): Fzy .. Feae) (T(2]) VT (25 — 27 — 1)) Aol ..., Tare), 2, Y)) -

and
¢g(x7 y) : 1/)1(‘757 y) \% 77b1(y7 JI)
where g is defined at the beginning of this section (note that we have re-
placed My by M(C) in the definition of ¢y).
Let 7,y € A be such RG(z,y) holds. By definition of R we have y = 27

for some integer s. As in the proof of Theorem 4.1.8, if s > 0, taking x,, € A
such that

22 = (z —14n)P !
the formula

wo(T1,. .., Tm(e), T, Y)

is satisfied in A by Lemma 4.6.1. Analogously if s < 0 then by taking

2= (y—1+n)p

the formula
wo(T1,. .. » TM(C)s Y, )

is true in A by Lemma 4.6.1. Let us show that with these elections of the
Zn, the structure A satisfies

T(x?) v T (x5 — 23 —1).

Suppose that it is not the case (i.e. 27 and x3 — 27 — 1 are in C') and that

s > 0. By Lemma 4.6.1, zy = z? and

r+y=x5—2} -1

are in C, hence
2yt = (x4 y)? — 22y
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is in C' and we deduce that
(x—y)? =2 +y* —2my
is in C'. By hypothesis on C, it follows that z — y € (', hence also
2z = (z+y)+ (z—y)

is in C' and
2y=(z+y)—(z—y)

is in C'. Therefore, again by hypothesis on C', x and y are in C', which gives a
contradiction. Hence A satisfies 11 (x,y). Similarly, if s < 0 then A satisfies
V1 (y, z). Hence A satisfies ¥} (z,y).

Suppose that A satisfies /¢ (z,y). Since the sequence (1, ..., Ty () IS a
Biichi sequence with either 27 or 23 not in C, hence either x; or x5 is not in
C, and since C is a Biichi class, there exists f € A such that

p = (f+n)""

for some non-negative integer s. We conclude as in the proof of Theorem
4.1.8. O]

4.7 Uniform encoding of the natural numbers

In this section we will prove Theorem 4.1.17.
Let us call an algorithm identity algorithm if it returns the input data.

Proof of Item 1 of Theorem 4.1.17. We want to prove that the pair (F°,N)
is uniformly encodable in the pair (F7¢, Z). Following the strategy described
in Section 4.3, we will follow the “One step encoding process” for natural
numbers, for the language £ = £*, the class i/ = N and where the set X is
)

The following algorithm A uniformly encodes (F75,N) in (Fz< x, Z¥)
(hence Ttem 1 of the process is fullfiled): given a sentence F' in F°, replace
each occurrence in F' of 3x by 3z > 0 (or more formally “Jz(pos(z)A” and
taking care of where should close the parenthesis). It is clear that F' is true
in (N;0,1,+,-) if and only if A(F) is true in (Z;0,1,4,-,> 0, |,).

By Corollary 4.4.9, multiplication is £*-uped in the class Z, hence also
[tem 2 is fulfilled. [
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Proof of Item 2 of Theorem 4.1.17. We want to prove that the pair (', N)
is uniformly encodable in the pair (F5.,N). Following the Strategy de-
scribed in Section 4.3, we will follow the “One step encoding process” for
natural numbers, for the language £ = £**, the class Y = N and where the
set X is {-}. Item 1 of the process comes trivially in this case: the required
algorithm to uniformly encode (F}°,N) in

( L% +Ux>NX)

is the identity algorithm, because a formula in F}* is true in (N;0,1, +,-) if
and only if it is true in ‘JIX (N;0,1,+, -, |p). Item 2 asks for multiplication
to be L**-uped in the Class N, but this is Item 1 of Theorem 4.1.13. O

Proof of Item 3 of Theorem 4.1.17. We want to prove that the pair (¥, N)
is uniformly encodable in the pair

(P )

Lz,ord,#’

where €2 has been defined in Notation 4.1.12. We will follow the “two steps
encoding process” for natural numbers, where

o L=LrandU =N
e Ay is the algorithm that uniformly encodes (F7°,N) in (F75, N)
o L'=L,axand V=0

o Una = {M,: p € P}, where P is the set of primes for which there exists
at least one structure in €2 of characteristic p.

e () is partitionned into subclasses (lyn, where Qg is the class of all
structures in €2 of characteristic p.

e Y is the set of symbols {R, S}

e R is interpreted in each L, oq -structure Y of Q by the relation Ry
defined by “Rg(x,y) if and only if there exists an integer s such that
y = aP"”, where p is the characteristic of i

o S(z,y) is interpreted in each 4 in 2 as “ordy(x) = ordy(y)” (recalling
that to each structure in §2 is associated exactly one local parameter z
at a prime divisor p - see Notation 4.1.12)
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We will apply Proposition 4.3.12 for each prime number in P. Fix such
a prime p. Following the notation of Proposition 4.3.12, consider:

L4 £0:{1,Z,',R}
® £1:£0U{S}

o Uy = Qi is the class of Lo-structures with base set {f € U: f #
0 and ord,(f) > 0} as U ranges among the base sets of structures of
characteristic p in €2, and where R is interpreted as Ry restricted to
U ~ {0}. Note that there can be more than one structure in U, with a
given base set (depending on the choice of the local parameter).

e U} is the class of Li-structures obtained from U} when interpreting
S(x,y) by “ord,(x) = ordy(y)”.

e P is the (M, j)-induced Ly-structure, where j: L5 — L, is the
bijection

a (0]1+|R
jla)|1]z| - |R

e For each U in U{, let fy: Y — 2P be the map that sends = € i to its
order at p.

Let us prove that the hypothesis of Proposition 4.3.12 are satisfied. First,
fu is trivially a morphism for each il in U, and it is onto because in each
structure in U} we have only regular functions.

Let us prove that fy is relation-onto. Let x1, 29 € U be such that

ordy(z1) |, ordy(z2).

Taking

ordp (x1) ordp (x2)
Y

U = 2 and Uy = 2

we have uy ~y, 21 and uy ~p, z2 and R%(uq, ug) holds.
The collection of relations ~y, is trivially £y-uped in U;. Therefore, we
can apply Proposition 4.3.12 to obtain the algorithm A, = A that actually
does not depend on p.

At this point we have the algorithms Ay, Aﬁf,+ and A.

Let A" be the algorithm that transforms an L£;-sentence into a sentence

over the language £, ..q+ UY by replacing each occurrence of the form Qu,
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where () is a quantifier, by Qx # 0. It is clear that for each L£;-sentence F'
and for each i in the class U? the corresponding structure in Q?;tp satisfies
A'(F) if and only if U satisfies F.

In order to conclude, it is now enough to give uniform positive existential
L, ora,2-definitions of the elements of Y = {R, S} in the class €.

For the symbol R, this is [tem 2 of Theorem 4.1.10. The positive exis-
tential formula

Ju, v(r = uy Ay = va A ord(u) A ord(v))

uniformly £, oq,-defines S in the class 2.
Schematically, following the “two steps encoding process”, we performed:

AEO
(FRN) 20 (FRLLN) D (FEL (M, p € PY) =55 (FEAWP: p e PY)

A . A APS
—_ <f£)‘137 U QS]:(;eg) —_— (fﬁpj,ord,#uy’ U Q&) ——Y——) (ng,ord,;ﬁ79)

pEP pEP

]

Proof of Item 4 of Theorem 4.1.17. This comes immediately from Proposi-
tion 4.3.3 and Item 4 of Theorem 4.1.17. O

4.8 Uniform encoding of 7Z in the language L
In this section we will prove Theorem 4.1.19.

Proof of Item 1 of Theorem 4.1.19. We want to prove that (F7',7Z) is uni-
formly encodable in (F75, Z). We proceed as in the proof of Item 2 of Theo-
rem 4.1.17 (following the “one step encoding process”) with L =L* U = Z
and X = {-}. Multiplication is £L*-uped in the class Z by Item 3 of Theorem
4.1.13. L]

Proof of Item 2 of Theorem 4.1.19. We prove that (F',Z) is uniformly en-
codable in (]:ﬁp;, D). Follow the “one step encoding process”) with £ = L,
U =D and X = {-}. Multiplication is L}-uped in the class D by Item 2 of
Theorem 4.1.13. [

116
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Proof of Item 8 of Theorem 4.1.19. We prove that (F',Z) is uniformly en-
codable in (]-"Lpi, C), where C is the class of all polynomial rings over a field
of odd positive characteristic.

We will first follow the “two steps encoding process” to uniformly encode
(F£,Z) in (F7:, Q), with

o L=L)andU =D

Ay is the algorithm that uniformly encodes (F*,Z) in (}-Lp;, D)

o L'=L=LFand V=0
L4 Z/{ind =U
e Q is partitionned into one-element subsets {Q,}

Y has only one symbol (3

(3 is interpreted in each Li-structure Q, of Q as “G((u,v)) if and only
itv=1".

Note that # is Li-uped in Q by Lemma 4.5.3. In this context B’ is
the algorithm that transforms each occurrence of Qz in an Lj-sentence by
Qz(Bz)A (with the usual abuse of notation). Schematically, we have:

(FB°,Z) s (FE°, D) = (FE°, Dina)

= (fzzy, U{ap}‘/> Ay, Q) € (7 Q)
p
We will now use Proposition 4.3.5 with
e G=F and M=72Z
. g’:J—“EST and U = Q
« G"=F¥ and V =C
o Una=U

e C is partitioned into subclasses Cy,, where Cq, is the class of all poly-
nomial rings of characteristic p.
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4.8. Uniform encoding of Z in the language Lr

In order to conclude we need to find an algorithm B such that for each
9, € Q, the pair (}"pr,Qp) is uniformly encodable in (F7 ,Cq,). Fix a
prime p and let

F=Quy...Qnu,Guyg,. .., uy)

be an L}-sentence in normal prenex form (in our case we need only to con-
sider existential quantifiers, but the whole proof actually goes through when
universal quantifiers are allowed).

Write G1,...,G™ the atomic formulas that appear in F' and let us de-
scribe the algorithm (following the syntax as in Cori and Lascar [CL]):

1. Term by term substitution of constants and function symbols.
In each term of G, formally replace (in the following order)

)

b) each occurrence of 1 by (a, 1), for some new (fixed) variable «;
) each w; by (v;,w;), for some new (fixed) variables v; and w;;
)

each string of the form (z,y) + (2/,y') by
(x2’ = (a® = Dy, 2y’ +a'y)
until the whole term becomes a single pair.

Call Gy the word resulting from G, and G, ..., GJ' the words resulting

from the corresponding atomic formulas G*, ..., G™.

2. Substitution of the relation symbols: first component:
(a) In Gy, delete any of the G} (and its corresponding connective if
any) where appears | or 7.
(b) Replace each pair by its first component.

(¢) Replace each R(z,z’) by the formula A(«, x, ') from Lemma 4.5.9
and write
Gr(a, Uy, ooy Uy, U1, .oy V)

the resulting Lp-formula.
3. Substitution of the relation symbols: second component:

(a) In Gy, delete any of the G} (and its corresponding connective if
any) where appears R.
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(b) Replace each pair by its second component.

(c) Replace each x | y by Jt(y = tz) (and don’t do anything to T')
and write
Go(a, Uy, ..o Uy, V1, ey V)

the resulting Lp-formula.

4. Define B(F) as

Qru1 Qv . .. Qpu,Qnv, I <T(a) NGy NGy A /\ S, uy, vl)>

i=1

Observe that one of Gy and G5 must be non-empty: if no relations except
equality appear in GG, then we did not delete anything, and if a relation that
is not equality appears in GG then it can be deleted only in one of G| or Gs.

The algorithm B works thanks to Lemma 4.5.6.

]
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Chapter 5

Conclusion - Conclusion

5.1 Conclusion

A continuacion presentamos una lista de problemas que aparecen de forma
natural a raiz del presente trabajo.

Con respecto al Capitulo 3:
1. Bajar las cotas en los Teoremas 3.2.3 y 3.2.1.

2. Estudiar el problema de representacion de cuadrados por polinomios
de segundo grado sobre

(a) el campo de las funciones meromorfas p-ddicas sobre un disco; o

(b) algin anillo de funciones meromorfas p-adicas en caracteristica
positiva.

3. Consideremos el siguiente enunciado: “Dados A anillo conmutativo
unitario, un entero £ > 2 y un conjunto S C A, si un polinomio f €
A[X] de grado k representa potencias k-ésimas para demasiados valores
de X en S, entonces f es una potencia k-ésima, salvo un conjunto
pequeno de excepciones”. Convertir este enunciado en algo preciso
(dependiendo del caso) y estudiarlo en algunos anillos A (por ejemplo:
si A es un anillo de polinomios, S es su campo basey k> 3, 0 A es un
anillo de funciones anéliticas etc.).
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4. Sea K/Q un campo de nimeros. Fijamos ocho elementos aq, ..., ag de

K y definimos el conjunto £ C K[X]| de polinomios ménicos de segundo
grado f € K[X] que no son cuadrados pero sus valores en los a; son
cuadrados. Demuestre o refute: E es finito. Si la afirmacion fuera
cierta para alguna eleccién de K y de los a;, entonces se obtendria un
nuevo ejemplo no-trivial donde la pregunta de Bombieri tiene respuesta
positiva. Por otro lado, si la afirmacion es falsa para alguna elecciéon
de K y de los a; entonces tendriamos un contra-ejemplo a la conjetura
de Bombieri-Lang.

Con respecto al Capitulo 4:

1.

Encontrar una clase de campos de funciones racionales de caracteristica
positiva, con infinitas caracteristicas distintas, y donde el orden se
puede definir uniformemente sobre el lenguaje £, (o mostrar que no
existe tal clase).

. Bajar las cotas sobre las caracteristicas.

. Demuestre o refute que existe una definiciéon uniforme para la multipli-

cacion sobre la clase de estructuras F, sobre el lenguaje {0,1,+, P},
donde Py(x) se interpreta en cada F, por “x es un cuadrado” (al pare-
cer no es dificil mostrar que no existe una definicién positiva existencial
- ver la demostracién de la Proposicion 4.1.5 en la Seccién 4.2).

. Extender los resultados sobre el simbolo “#” en el Lema 4.1.3 a clases

mas amplias de anillos de funciones algebraicas.

5.2 Conclusion

Here is a short list of problems which naturally arise from this work.

With respect to Chapter 3:

1.

Lower the bounds in Theorems 3.2.3 and 3.2.1.

2. Study the problem of representation of squares by degree two polyno-

mials over

(a) the field of p-adic meromorphic functions over a disc; or
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3.

b) some ring of p—adic meromorphic functions in positive character-
g
istic.

Consider the following statement: “Given a commutative unitary ring
A, an integer k > 2 and a subset S C A, if a polynomial f € A[X]
of degree k represents a k-th power for too many values of X in the
set S, then f itself is a k-th power, up to a small set of exceptions”.
Make the statement precise (depending on the case) and study it for
some rings A (for example: if A is a ring of polynomials, S is its ring
of constants and k > 3, or A is a ring of analytic functions, and so on).

Let K/Q be a number field, take eight elements a4, ...,as of K and
define the set F C K[X] of monic second degree polynomials f €
K[X] that are not squares but take square values at the a;’s. Prove
or disprove: E is finite. If one would prove this for some choice of K
and the a;’s, then one would obtain a new non-trivial example where
Bombieri’s question has a positive answer. If one would disprove it for
some choice of K and the a;’s, then one would get a counter-example
to Bombieri-Lang conjecture.

With respect to Chapter 4:

1.

To find a class of rational function fields in positive characteristic, with
infinitely many distinct characteristics, where we can define uniformly
the order over the language £, (or show that there is no such class).

Lower the bounds on the characteristic.

Prove or disprove that there is a uniform definition of multiplication for
the class of structures F,, over the language {0, 1,4+, P»}, where Pa(z) is
interpreted in each F, by “z is a square” (it does not seem too difficult
to prove the non-existence of a positive existential definition - see the
proof of Proposition 4.1.5 in Section 4.2).

Extend the result about # in Lemma 4.1.3 to bigger classes of rings of
algebraic functions.
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