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Chapter 1

Introduction

1.1 Description of the problems along with some his-
torical background

The classical isoperimetric inequality says the following: “among all regions with a given
area, the circle has the smallest perimeter,” or its equivalent form: “among all regions
with a given perimeter, the circle has the largest area.”

[soperimetric inequalities restricted to classes of polygons apparently date from Zenodorus
(2nd century BC). The isoperimetric inequality in the class of n-sided polygons says the
following: “A regular n-gon has greater area than all other n-gons with the same perime-
ter” (see [6]). In one of the simplest case, we find already in Euclid (see Proposition 35,
First Book of the Elements [28]) the proof that the rectangle of maximum of the area
among all rectangles of given perimeter is a square.

Although these kinds of questions have been of interest since antiquity and intuitive an-
swers to some of these questions were proposed, one can say for sure that rigorous answers
to these questions were forthcoming only since the development of modern calculus. The
pioneering contributions of the Bernoulli brothers, Euler, and Lagrange during the 18th
century, followed by those of Weierstrass during the 19th century gave rise to the devel-
opment of the area of Calculus of Variations which addresses such questions. In the 20th
century it reached greater heights with the developments of more efficient tools of analysis
with notable contributions by Hilbert, Noether, Tonelli, de Giorgi, and Almgren, among
many others. It is often the case that, to solve a particular shape optimization problem,
one has to go beyond shapes and use a mathematical framework where classical shapes
form a part. The eventual answer in the relaxed setup may not be a shape but in certain
problems it may turn out that a classical shape is a (or the) solution.

Lord Rayleigh, in his treatise, “The Theory of Sound” (see [48], 1894, pp. 339-340)
colorfully phrased the following conjecture “If the area of a membrane be given, there
must evidently be some form of boundary for which the pitch (of the principal tone) is
the gravest possible, and this form can be no other than the circle.” The conjecture was
proved independently by Faber [22] and Krahn [35], [36] in the 1920s. The result in any
dimension says that the ball minimizes the first eigenvalue of the Dirichlet Laplacian and
is now referred to as the Faber-Krahn inequality (which we refer to as FKI for short).
Since then many minimization or maximization problems for the principal eigenvalue of
standard elliptic operators with respect to the shape of the domain (with constraints
on the volume, perimeter etc.) have been studied. These results, usually, go under the
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name of Faber-Krahn inequalities or in general, isoperimetric inequalities. This thesis is
dedicated to the study of a few such problems. In order to put the results of the thesis
in context, we mention some preceding works on such inequalities. The discussion below
is by no means exhaustive.

Pélya and Szeg6 ([46], 1951) conjectured that among all N-gons of fixed area, the regular
N-gon of the same area minimizes the first eigenvalue of the Dirichlet Laplacian. Even
up until now this conjecture has only been established among the classes of triangles and
quadrilaterals (see [46], [29]). For other N-gons (N > 5) this still remains a challenging
open problem.

Apart from the Laplacian, FKIs have been obtained for other elliptic operators, for both
locally and nonlocally defined operators. Among locally defined elliptic operators, the
FKI for the p—Laplacian which was first studied by Bhattacharya ([5], 1999) has been
revisited in recent years in a few papers [41, 18]. The sharp lower and upper bounds for
the Dirichlet Laplacian for a triangle have been studied by Siudeja [56]. Besides this,
Laugesen and Siudeja have establised in [37] that, among all triangles of given diameter,
the equilateral triangle minimizes the sum of the first n eigenvalues of the Dirichlet
Laplacian. Whereas, in the nonlocal setting, the FKI for the fractional p-Laplacian has
been studied by Brasco et al. ([10], 2014) in the class of bounded open sets and by
Olivares-Contador ([44], 2017) for the class of triangles and quadrilaterals for Dirichlet
boundary conditions (where symmetrization techniques have been used, as in this thesis).
At the same time, FKIs for the Riesz potential operator have also been studied by
Rozenblum et al. ([51], 2016) and by Kalmenov et al. ([31], 2017) in the class of open
bounded domains in Euclidean space. Analogous questions in other geometric settings
have also been studied by Ruzhansky et al. ([54], 2016). Another functional of interest
in geometric problems is the Cheeger constant of a domain which appears in Cheeger’s
pioneering work ([17], 1970). The Cheeger constant for a domain is the infimum of the
quotient of the perimeter of a subset divided by its area, among all subsets of the domain
and it also can be interpreted as the first Dirichlet eigenvalue of the 1—Laplacian (see
[33], 2008). Isoperimetric estimates for the Cheeger constant were studied in Kawohl
et al. ([32], 2003). In the work of D. Bucur et al. ([11], 2016) the following FKI was
proved: “the regular N—gon minimizes the Cheeger constant among all N-gons with a
given area”’. In the nonlocal setting, the fractional Cheeger problem has been studied
by Brasco et al. in ([10], 2014) where, among other results, a fractional analogue of the
corresponding result established in [32] was proved.

In this thesis we obtain some isoperimetric inequalities for some nonlocal shape func-
tionals in the class of triangular and quadrilateral domains. The main tool that we use
to get these isoperimetric inequalities is Steiner symmetrization.

1.2 Synopsis of the chapters

Synopsis of Chapter 2

This chapter contains the technical preliminaries required for studying the problems
stated above and for their proofs. In particular, we include the definition and proper-
ties of symmetric-decreasing rearrangement and Steiner symmetrization of sets and func-
tions (Section 2.1). In that section we will especially recall Riesz’s inequality for both
symmetric-decreasing rearrangement and Steiner symmetrization. In Section 2.3, we give,
the necessary background on the Riesz potential operator and the eigenvalue functionals



which will be studied in Chapter 3. Section 2.2 provides an introduction to the function-
als which will be studied in Chapter 4. In Section 2.4, an outline of the proofs of some
previously known Faber- Krahn inequalities, both local and nonlocal, will be given based
on Riesz’s inequality. These outlines will allow us to visualize the technique that will be
used later in proving the main results. Section 2.5 gives a brief treatment of Hausdorff
convergence for sets including some convergence results used later in Chapters 3 and 4.

Synopsis of Chapter 3

Chapter 3 contains inequalities of Faber-Krahn type for the first (largest) eigenvalue
of the Riesz potential operator. It is shown that the principal eigenvalue of the Riesz
potential operator in the class of triangular domains of given area is maximum when the
triangle is equilateral. Similarly, it is proved that the maximum value of this functional
in the class of quadrilateral domains of given area is attained when the quadrilateral is a
square. It is also established that the equilateral triangle and the square are, respectively,
the unique maximizers.

The precise mathematical statements are to be found below. Given d > 1, Q C R¢
a bounded domain (simply connected and open) and 0 < « < d, the Riesz potential
operator is a compact self-adjoint operator defined on L?(2) by

(Ipu)(z) = C(d, 04)/0%6@ (1.2.1)

where C(d,a) = 7 —59- O‘% is a constant given in terms of the Gamma function.

The principal (largest) eigenvalue of I, admits the characterization

//C’ |<>dxdy

fﬂ u2

A1 (Q) = max cu e L*(Q)\ {0} » . (1.2.2)

The main theorem of Chapter 3 is the following.

Theorem 1.2.1. The maximum of M\ () among all triangles of given area is obtained
when € is an equilateral triangle and only when ) is an equilateral triangle. Similarly, the
mazximum of A1(2) among all quadrilaterals of given area is obtained when ) is a square
and only when € is a square.

We also briefly treat the corresponding isoperimetric inequalities for the Schatten p-
norms of the Riesz potential operator for integer values of p with p > max ( 2) Indeed,
in Section 2.3, it is shown, under this hypothesis, that the singular values of the operator
form a p-summable sequence so that, by Definition 2.3.8, the operator belongs to the
Schatten p-class. Note that the Riesz operator, for p > g, although not in the trace class,
could be Hilbert-Schmidt if p = 2 > g. Moreover, being a positive compact self-adjoint
operator the maximal eigenvalue is the operator norm as an operator on L? whereas the
Schatten norms are other norms of the operator containing different information on the
operator.

Theorem 1.2.2. Let p > max (2,2) be a natural number. Then, the mazimum of || Inqll,
among all triangles of given area is obtained when €2 is an equilateral triangle. Similarly,
the mazimum of ||I,qll, among all quadrilaterals of given area is obtained when € is a
square.



An introduction to the Riesz potential operator, which includes a discussion of eigenvalue
functionals of interest in the thesis, is given in Section 2.3. We start Section 3.1 by
giving two preliminary results which are used in the proof of the main result and are
of interest in themselves. These are; firstly, the continuity of the first eigenvalue of the
Riesz operator and of the Schatten norm with respect to the convergence in the Hausdorff
complementary metric of a sequence of uniformly bounded convex open sets (namely,
Proposition 3.1.4 and Corollary 4.2.3) and; secondly, a discussion of the equality case in
Riesz’s inequality for Steiner symmetrization (see Proposition 2.1.7). A proof of the latter
result in dimension one appears in Lieb [40]. The equality case for this inequality with
respect to the symmetric-decreasing rearrangement, in any dimension, is treated in Lieb
[39]. However, a discussion of the analogous result with respect to Steiner symmetrization,
for any dimension, is not easy to find.

Synopsis of Chapter 4

In Chapter 4, the functionals under consideration are the nonlocal s-perimeter of a
domain, and the corresponding Cheeger constant. It is shown that the minimum of these
functionals in the class of triangular domains of given area is attained for equilateral
triangles and, in the case of quadrilateral domains of given area, is attained for a square.
One is able to show that equality in the isoperimetric inequality for the non—local
s—perimeter in the class of triangles holds only for an equilateral triangle and likewise, is
a square, in the case of quadrilaterals but similar results could not be established in the
case of the nonlocal Cheeger constant.

More precisely, for 0 < s < 1, for any Borel set £ C R? the nonlocal s-perimeter P;(E)

is, by definition,
Ixe(z) — x5
P,(F) = dzdy. 1.2.3
(£) /[Rd/IR{d w—yle (123)

The following scale-invariant nonlocal isoperimetric inequality

PAE) _ PAB)
S > S
B = B

(1.2.4)

where B is any d—dimensional ball, holds with equality occurring if only if E is a ball
(see Frank et al. [23] or Brasco et al. [10]).
For any 2 C R?, a bounded open set, the nonlocal s-Cheeger constant is defined by

A
hs(§) = jnf) E|

(1.2.5)

over all measurable subsets F of 2. From (1.2.4) the following Faber-Krahn inequality
for the Cheeger constant can be deduced (see Brasco et al. [10])

Q]ihy(Q) > |Blihy(B). (1.2.6)

We obtain the following analogues of the isoperimetric inequalities (1.2.4) and (1.2.6)
while restricting the class of domains to be triangles or quadrilaterals.

Theorem 1.2.3. (a nonlocal isoperimetric inequality in the class of triangles and quadri-
laterals) Let 0 < s < 1. The minimum of Ps(2) among all triangles (open) of given area
1 obtained when € is an equilateral triangle and only when Q is an equilateral triangle.
Similarly, the minimum of Ps(Q) among all quadrilaterals (open) of given area is obtained
when Q is a square and only when ) is a square.
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Theorem 1.2.4. (isoperimetric inequality for the nonlocal s-Cheeger constant for trian-
gles and quadrilaterals) Let 0 < s < 1. The minimum of hs(€2) among all triangles (open)
of given area is obtained when € is an equilateral triangle. Similarly, the minimum of
hs(Q2) among all quadrilaterals (open) of given area is obtained when § is a square.

Theorems 1.2.3 and 1.2.4 are proved in a similar way to Theorem 1.2.1 but this is done
using, instead of the Riesz inequality for Steiner symmetrizations, the nonlocal Pdélya-
Szegd inequality.
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Chapter 2

Preliminaries

2.1 Symmetric-decreasing rearrangement and
Steiner symmetrization of sets and functions

In this subsection we recall, mainly, the notion of Steiner symmetrization and some of its
properties. The definitions given below follow Lieb and Loss [40] or Brascamp, Lieb, and
Luttinger [9]. We also refer to the same texts and Gruber [26] for the main properties
(see [12, 3, 21, 29] for complementary information).

Proposition 2.1.1. (layer-cake representation) Let v be a measure on the Borel sets of
R* such that ¢(t) := v([0,t)) is finite for every t > 0. Let (Q,%,u) be a sigma-finite
measure space and f any nonnegative measurable function on 2. Then

/Q o (2))ulde) = / Tl € Q: fx) > t)wlde). (2.1.1)

In particular, if ¢(t) = t? where p > 0, then we have

o =» [ 7l € 0 5(a) > e 2.12)

and if p is the Dirac measure at x € R™ and ¢(t) =t, (2.1.1) takes the form
f(x) = /0 ) X{yea:f(y)>t} (2)dt = /0 N X(yea: f=n (T)dt . (2.1.3)
Proof: See Theorem 1.13 of [40]. |

The definition of the symmetric-decreasing rearrangement used here is based on the layer
cake representation of a function f(-) in terms of its “slices” {z € Q: f(x) > t}.

Definition 2.1.2. (Symmetric-decreasing rearrangement) For any Borel measur-
able subset Q C R with finite Lebesque measure we denote by Q* the open ball centered at
the origin whose measure is that of (). For any nonnegative Borel measurable function f
on R vanishing at infinity (in the sense that the level sets { f > t} all have finite measures
for any t > 0) we define the symmetric-decreasing rearrangement f* of f using the layer
cake representation, by symmetrizing its level sets, that is

fH(z) :/O X{yeR:f(y)>t}+ (T)dt. (2.1.4)

f* so defined is a Borel measurable function.

12



Remark 2.1.3. The following are the main properties of :

1. f* is radially symmetric and non-increasing, i.e., f*(x) = f*(y) if |z| = |y| and

fr(x) = 1) if o] < lyl.
2. [ and f* are equimeasurable, i.c., |{x : f(x) >t} = [{z: f*(x) > t}].

Steiner symmetrization: By definition, the Steiner symmetrization of a function, in
one dimension, is the same as the symmetric-decreasing rearrangement given above. The
Steiner symmetrization of a function defined on a domain in R? (d > 1) with respect to
a hyperplane is given in the following definition.

Definition 2.1.4. Let f be a nonnegative, Borel measurable function on R which van-
ishes at infinity, and let H be any hyperplane ((d — 1)-dimensional plane). We set up an
orthogonal coordinate system on R in such a way that, if (2',24) = (21,20, ..., Tq4_1,Tq)
stand for the coordinates of a generic point x, then H is the plane x4 = 0.

A nonnegative, Borel measurable function Sf onR? is called the Steiner symmetrization
with respect to H of f, if Sf(x1,xa,...,2q-1,") is the symmetric-decreasing rearrangement
of f(x1,29,...,241,") with respect to the x4 variable, for each fixed x1,..., 24 1.

It can be seen that this naturally leads to the following definition for the Steiner sym-
metrization of a bounded measurable set 2 with respect to the hyperplane H.

Definition 2.1.5. (Steiner symmetrization of a set) For any bounded Borel measur-
able set Q C RY the Steiner symmetrization of Q with respect to H, to be denoted by SX2,
s given by

1
so= {b+ted:]t|§§]QﬂLb\} (2.1.5)

beH
QNL,#0

where |2 N Ly| is the one-dimensional Lebesgue measure of QN Ly, with Ly being the line
with direction eq passing through the point b for any b € H.

We recall the following properties of the Steiner symmetrization of functions.
Proposition 2.1.6. 1. The definitions of SA and Sf are consistent, that is,
Xsa =Sxa and S{x: f(x) >t} ={x: Sf(x) > t}.

for all Borel measurable sets A with finite Lebesgue measure and for all non-negative
Borel measurable functions f which vanish at infinity.

2. The super-level sets are equimeasurable, that is,
{z: flz) >t} = [S{z : f(z) > t}].

In particular, for any measurable set A C R with finite Lebesque measure we have
V(A) =V (SA).

3. Let f be a nonnegative Borel measurable function with f € L?(R?). Then,

[fll2 = IS fl2-

13



4. Let f : R* — R be a non-negative Borel measurable function which vanishes at
infinity and let ® : RTY — R be continuous and monotonically increasing with

®(0) = 0. Then,
| o= [ ast@)a

Proof: For (1) see pages 183-184 of [3]. By part (1) of the Proposition 2.1.6

{z: flx) > )| = Ko Sf(x) > t}] = [S{x: f(z) > t}].

The equality V(A) = V(SA) can be seen by decomposing the volume integral into one-
dimensional sections perpendicular to the hyperplane H and observing that the sections
have the same measure (length) before and after the rearrangement. As to (4), it is
easy to see that the hypotheses on ® guarantee the existence of a measure v such that
O(t) = v(]0,t)) for all t > 0. Then, by Proposition 2.1.1, we get

/Rd O(f(x)dr = /OO Hz : f(z) > t})|v(dt)

0

and
/Rd O(Sf(x))de = /0 Hz: Sf(x) > t}v(dt).

Hence

[ o= [ ot

Then, (3) is just a special case of (4) for the choice ®(t) = 2. |

We now recall Riesz’s inequality for the Steiner symmetrization in one dimension. This
inequality for symmetric-decreasing rearrangement goes back to F. Riesz (1930, [49]). We
will give the proof of this inequality from Lieb and Loss [40, Lemma 3.6] (adding some
extra details) but is originally from Rogers [50] and Brascamp-Lieb-Luttinger [9]. The
equality case was studied by A. Burchard [14].

Proposition 2.1.7. (Riesz’s inequality in one-dimension) Let f,g, and h be non-
negative Borel measurable functions that vanish at infinity on R, and let f*, g* , and h*
be their respective symmetmc decreasmg rearmngements.

Then, for I(f,g,h //f Yh(y) dxdy, we have

I(f.g,h) <I(f%, 9" h7). (2.1.6)

Proof: STEP 1: Using Fubini’s theorem and the layer-cake decomposition on f, g, and
h, we have

I(f.9,h) = / / / / / X{f>53 (@)X (g} (T — Y)Xnsey (y)dadydsdrdt
0 0 0 RJR
= / / / I(X{f>s}> X{g>rys X{n>ty)dsdrdt. (2.1.7)
0 0 0

By the same argument, we obtain

I(f*7 9*7 h*) = / / / ](XS{f>s}v XS{g>r}> XS{h>t})d8drdt‘ (218)
0 0 0
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Since f, g, and h are nonnegative functions that vanish at infinity, their respective level
sets have finite measure. Thus, from (2.1.16) and (2.1.8), it can be seen that it is enough
to prove (2.1.6) for characteristic functions of measurable sets of finite measure.

STEP 2: Let O, 0%, and O? be sets of finite measure. By outer regularity of the Lebesgue
measure, for each k = 1,2, 3, there exists a sequence of open sets {OF}, ey (having finite
measure for every r € N) such that O* C OF C OF_,for all r € N and lim,_,,|OF| = |O*|.
Obviously, then we also have lim,_,o|(OF)*| = |(O*)*|. This means that xor = xor and
X(0k) —* X(Ok)x I L'(R) and so, for a subsequence which we denote by the same index,
Xor — Xor and X(oky» —> X(or)- almost everywhere. The dominated convergence theorem
shows that

lim I(Xol Xo02, Xo3) = I(Xtho%XoT») and

T—>00
Jim I(xcon- X2 X0p) = L{xon- (X027 X(0%)) -

So, we can further deduce that it is enough to prove (2.1.6) for characteristic functions of
open sets O, O?, 0 having finite measure.

STEP 3: Now, we recall that every open subset of the real line is the disjoint union of
countably many open intervals. For k € {1,2,3}, denote these intervals by I}, I¥ ... such
that O% = U2 | I¥, arranged in such a way that |I%, | < |I%|. If we set

Fi=J I} with ke{1,2,3} (2.1.9)
n=1

we get
limy, oo |[FF| = 270 |IF| = |07 for every k € {1,2,3}.
Using the monotone convergence theorem, we see that
Tim T(xpy,, xrzoxm) = I(xor o2 xos)  and
lim ](X(Fl)* X2y X)) = LX) X025 X(03))-

The above equations further reduce the problem of showing (2.1.6) to that of establishing
(2.1.6) for characteristic functions of sets O!, 0% O% each of which is a finite union of
disjoint open intervals of finite length.

STEP 4: Thus, we can write

I(X017X02:XO3> :ZZZ//fJ m _y_bm)hn(y_cn)dxdy

7=1 m=1n=1

where f;, gm, and h,, are characteristic functions of intervals centered at the origin and
the a;, by, and ¢, are real numbers. We set

L ( //f] —ta;)gm(z —y — thy) hn(y — te,)dzdy, (2.1.10)

and

J M N
Ii(xo1, x02: X03) = Z D> Limalt),



so that I(xo1,x02: Xo3) = Li(xo1, Xo2, X03). We observe that [j,,,(t) is symmetric and
decreasing with respect to t. Indeed, by introducing the change of variables, w = x — ta;,
z =y — ta; + tby,,, we obtain

Limn(t) = //fj(w)gm(w — 2)h, (2 + t(aj; — by, — ¢))dwdz
_ /ujm(z)hn(z - t(ay — by — c))dz

Then, wjm(z) = [ fj(w)gm(w — z)dw is of the form |(—r,7) N (—s+ z, s+ z)| since f; and
gm are characteristic functions of symmetric intervals about the origin and so, u;., is a
symmetric non-increasing function in z. Now, Ljpn(t) = [ wjm(2)hn(z +t(a; — by —¢,))dz
is the integral of a symmetric non-increasing function u;,, on shifts of a symmetric interval
and therefore, is seen to be symmetric and decreasing with respecto to .

Now, going back to (2.1.10), notice that, as ¢ — 0, the supporting intervals of the
functions f;(z — ta;), gm(x —y — tby,) and h,(y — tc,) move toward the origin and so
when the supporting intervals of any two of the f;s or g,,s or hy,s touch each other, the
couple may be replaced by the characteristic function of a unified interval. At this stage
we reinitialise the sets O, O?, and O3 by using the current positions of the intervals and
observe that I(xor, Xo2, Xo3) for the reinitiailised sets O, O% and O3 is larger than it
was at the beginning of Step 4. We repeat the process of Step 4 with the current values
of O, O?, and O3.

STEP 5: After a finite number of repetitions of Step 4, we obtain the desired inequality

I(xor, x02: X03) < I(X(01) X(02)*5 X(0%)*)- u

Corollary 2.1.8. (Riesz’s inequality for Steiner symmetrization in higher di-
mensions) Let f, h, and g be nonnegative measurable functions vanishing at infinity
on R and V' a plane passing through the origin of RY. Then, taking for the definition,

10.0.0)= [ [ f@hate = y)hty) dady, we have

I(f.9.h) < I(S.Sg,Sh). (2.1.11)
where Sf is the Steiner symmetrization of f with respect to V' (see Definition 2.1.4).

Proof: For any fixed 2/ = z1,...,24-1, f*(2/,+), ¢°(¢/,+), and h*(2/,-) are, respectively,
the one-dimensional symmetric-decreasing rearrangement of f(2',-), g(Z/,-), and h(Z/,-).
So, for any z’, 3 in R%!, we apply Riesz’s inequality for one-dimensional symmetric-
decreasing rearrangement for the functions f(2/,-), g(2’ — ¥/, -), and h(y',-) to obtain

/ / (@ 20)g(@ — s 20 — y) by, ya)dwadya
RJR

S//f*($,7xd)9*($,—?/7%—yd)h*(y/,yd)d%dyd-
R JR

Then, after integrating the inequality with respect to 2/, 3/, we obtain the desired inequal-
ity. [

Note: An analogous result for the symmetric-decreasing rearrangement of a function in
any dimension is the following Riesz’s inequality

I(f,g,h) < I(f", 9" 7). (2.1.12)
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where f* is the symmetric-decreasing rearrangement of f (see Definition 2.1.2). For a
detailed treatment of this we refer to Burchard [13] and Lieb and Loss [40].

A more general rearrrangement inequality published in the work of Brascamp, Lieb,
and Luttinger [9] asserts the following.

Theorem 2.1.9. Let fi, fo, ..., fm be non-negative functions on R which vanish at in-
finity. Let k < m and let B = ((bi;)) be a k x m matriz. If we set

m k
I(fhf%?fm):/Rd/Rd/RdHf] <wal‘z> dlL‘ldl’le'k

=1

then we have

I(f1, fos oo fn) < I(f5 fo, ooy o). (2.1.13)

The following passage is dedicated to a discussion of the equality case of the Riesz in-
equality in one dimension. A proof is sketched in Lieb and Loss [40] leaving some of
the work to be done by the reader. This proof is detailed in my master’s thesis [45]
(in Spanish). We present here a different proof given in Carlen and Maggi [15] which is
based on the Brunn-Minkowski inequality. Before studying this proof, let us recall the
Brunn-Minkowski inequality and the definition of a Lebesgue point of a measurable set
and some relevant facts about the latter.

Definition 2.1.10. We shall say that a point x is a Lebesgue point of a measurable set
Ain R, if

ANB

= 1.
—0+ |B(x,¢€)]

We will denote the set of Lebesgue points of A as D 4. Clearly, by its definition, the
interior of a set A is contained in D4 and D4 is contained in the closure of A. Also note
that if x is a Lebesgue point of A, then = + y is a Lebesgue point of A+ y and —z is a
a Lebesgue point of —A. Finally, it is true that z is a Lebesgue point of C'N D if x is a
Lebesgue point of C' and x is a Lebesgue point of D.

Theorem 2.1.11. (Lebesque’s density theorem) Let A C R such that m(A) > 0. Almost
every point of A is a Lebesque point of A.

Proof: See appendix D in van Rooij and Schikhof [58]. |
The following lemma has its inspiration in Lemma 1 in A. Burchard [13].
Lemma 2.1.12. Let A and B be measurable sets in R, xa and xp their characteristic

functions. Together with the above assumptions, suppose that A and B have no isolated
points. Then,

A+ B = supp(xa * x5)

where (xa * xB)(7) = /R xa(r —y)xs(y)dy.
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Proof: It is clear that
(xa*xB)(z)=|(—A+2z)N B

and that, if x4 * xp(z) > 0 then z € A+ B. Therefore,

supp(xa * xg) ={z:xa*xxp(r) >0} CA+ B. (2.1.14)

Conversely, if v € Da + Dp then x = a + b with a € D4 and b € Dg. This means that
b=z —ais a Lebesgue point of BN (x — A). Therefore, |(x — A) N B| > 0 which means
x € supp(xa * xp). We have shown that

Da+ Dp C supp(xa * xB) -

By the assumption that A and B have no isolated points and since D4 and A differ only
by a set of measure zero and similarly, for Dg and B, it follows that D, and A have the
same closures and so do Dg and B. Therefore, since the support of a function is a closed
set, this implies that

Ds+ Dp=A+ B Csupp(xa * XB) - (2.1.15)
So, we obtain the desired conclusion from (2.1.14) and (2.1.15). |

The Brunn-Minkowski inequality in one dimension (see [27]) states that
|A+ B[ > [A] +B],

with A and B two nonempty measurable sets in R. There is equality if and only if either
A consists of a single point or B consists of a single point, or A and B are of the form
A= 7\ Ny and B = 7\ Npg where N4 and Np are sets of measure zero, and I and J are
closed intervals.

Proposition 2.1.13. (Lieb’s theorem on cases of equality in the Riesz rearrangement
inequality). Let f, g, and h be non-negative and non-zero integrable functions that vanish

at infinity on R where g is symmetric and strictly decreasing. Then there is equality in
(2.1.6) if and only if f(z) = f*(x — a) and h(x) = h*(x — a) for some a € R.

Proof: Let F. ={f >r}, Gs={g > s} and H; = {h > t}. Since we may write

I(fvgvh) = / / / ](XFT,XGS,XHt)de’I”dt
0 0 0

and
I(f*ag*,h*) = / / / ](XF,f)XG;‘?XHf)derdt)
o Jo Jo
under the hypothesis that ¢ = ¢g*, equality in Riesz’s inequality implies that

I(xF,, Xc.. xm,) = I(XFr,Xa., xm;:) a.e. r,s,t. (2.1.16)

Our aim is to show that, for almost all r, F). is an interval and they are all symmetric
with respect to some a and similarly, for almost all ¢, H; is an interval and they are all
symmetric intervals about the same a.
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Since ¢ is symmetric and strictly decreasing about intervals for every [ with 0 <[ there
exists s such that [—[,l] = {g > s}. For example s may taken to be s = sup{h : {g > h} C
[—1,1]}. So, for any given r and ¢, assuming without loss of generality that |F,| < |H| we
can find s such that

(F.)" + Gy = (Hy)". (2.1.17)

That is, by Lemma 2.1.12, (H,;)* and supp(xr: * X, (x)) coincide except for a null set
and so,

Tk xas ) = / (s * x.) (@) xa: (2)de
R
= / (Xp * X, (2) dz
R
= [(F)IG,| = RG] (2.1.18)

If it happens that F,. is not an interval and since G is an interval, then by the equality
condition for Brunn Minkowski inequality, necesarrily one must have

By + Go| > B[+ |Gl = [(B)[ 4+ [Gol = |(F)" + G| = [(H)"| = [He] . (2.1.19)

Therefore, {z ¢ H;,x € supp(xr. * xc.)(x)} is of positive measure and so,

0 < / (xm, % Xe,) (@) X (2)dz = / o * X (z) di — / (ere * x.)(@) X (2)dz

— RG]~ / (u % xe) (@) xm@)de . (2.1.20)
R
So, by using (2.1.18) in (2.1.20) we get

I(xF Xc.s Xm,) < I(XF: Xa. XH7)

and by the continuity of the integrals on either side with respect to r, s, and ¢, the
inequality has to hold on an open set of values for r, s, and t contradicting (2.1.16). So,
F, and H; are intervals (up to sets of measure zero). We shall now prove that, F, := A
and H; := B are centered at the same point. For this purpose, let us write (2.1.16) as

/R /R Xa(@)x -y (r —y)xs(y)drdy = /R /R Xa ()X~ (x — y)x - (y)drdy, (2.1.21)

for [ > 0. Let’s consider that A has center a and B has center b. Suppose that a # b.
Without loss of generality, we assume that b > a. Using the above, the equation (2.1.21)
is equivalent to

/* |A* N [(=1,1) + y]|dy = / |A* N [(—=1,1) +y + b — a|dy. (2.1.22)

From step 4 of the proof of the Proposition 2.1.7 we know that |A* N [(=[,1) + y]| is a
non-increasing function of y (this function is also a continuous function), in particular

this function is strictly decreasing in y € <‘—’;‘| -1, |2£| + l) and hence injective. Using the
above and (2.1.22) we have
A*N[(=L, ) +y]| = A" N [(=1,1) +y+b—d]|. (2.1.23)
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A [, ‘A|+l> we get a = b.

Fixing ro and varying ¢ (and vice versa) shows that the center will not depend on r or ¢.
So almost all intervals {h > t} have the same center (the center of {f > r¢}). This means
h = h* except for a translation.

In the same way, fixing ¢t and varying r we conclude as before that f = f* except for a
translation. [ |

Therefore, by the injectivity in (

We end this subsection by mentioning the following properties of the Steiner symmetriza-
tion of sets. Let us first fix some notions. A convex body is a compact convex set with
nonempty interior. By K¢ we denote the set of all convex bodies in RY. For a convex
body A in R?, the inradius 7(A) is the supremum of the radii of open balls contained in
A and the circumradius R(A) is the infimum of the radii of open balls containing A.

Proposition 2.1.14. Let A, B € K. Then,
1. SACSB for AC B.
2. r(A) <r(SA).
3. R(SA) < R(A).
4. S(SA) < S(A) where S(A) denotes the surface area (perimeter) of A.

Proof: We refer to Gruber [26, Proposition 9.1] for a proof. n

2.2 The fractional perimeter, the fractional Cheeger
constant, and fractional order spaces

Our aim here is to provide the definitions and some main properties of the nonlocal
perimeter and nonlocal Cheeger constant of sets.

Perimeter functionals: We first recall that a Borel subset  of R? is said to be of finite
perimeter if

P(Q) :=sup {/ dive dz : v € CHOQ;RY), |v]lse < 1} < oo
Q

For 0 < s < 1, for any Borel set £ C R? the nonlocal s-perimeter P,(E) is, by definition,

/R/R |XE|J;_ |d+s( N, dy (2.2.1)

The right hand side is just the Gagliardo semi-norm [yg|ws1: of xg. In general, for
1 < p < oo the fractional order space Wi™*(£2) is taken to be the closure of C§°(£2) in the
fractional order Sobolev space W*?(R%) equipped with the norm

[u(z) — u(y)l” ) v
(/Rd/Rd ]:p— |d+ps ddy+/ |ulP (z dx) )
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Example 2.2.1. For 0 < s < 1, a direct computation gives the nonlocal perimeter of an
interval (—a,a) with a > 0

@ ¢ dzx Foo dz
P,((—a, = 2 _— — | d
(aa) = 2f (/oo I et |x—y|1+s) Y
+oo
= /_a/a ‘Hsdxdy
2a 1—s

(1 —s)
Example 2.2.2. For 0 < s, using spherical coordinates one can explicitly calculate the

nonlocal perimeter of a ball B(0, R),

1 2wd_1wde’s
P.(B(0, R)) = Py(B(z, R :2/  pdy = 2t
(B0, R)) (B( ) Z‘R/B(IR c |z —yld+s

We refer to Mazya et al. [43] and Bourgain et al. [8], respectively, for the following
asymptotic behavior as s — 07 and s — 1~ of the fractional perimeter:

lim sP,(Q) = C(d)|?] and lim (1 — s)P,(Q) = C"(d)P(Q), (2.2.2)

s—07+ s—1—

where C(d) and C’(d) are constants.

So, the fractional perimeter is intermediate between the perimeter and the Lebesgue
measure. An interpolation result between the s-perimeter Ps(-) and the classical perimeter
P(-) is given below.

Proposition 2.2.3. Let s € (0,1), for every finite perimeter set E C R? we have

21—5
(1—s)s

Proof: This a special case of Proposition 4.2 [10] given as Corollary 4.4 therein. l

P,(FE) < P(E)|E|'"* (2.2.3)

Note: The above Proposition 2.2.3 says, in particular that, if a set £ has finite perimeter
P(FE) then its fractional perimeter Ps(E) is also finite.

Cheeger constants: The Cheeger constant of a set {2 C R? has the following definition

P(4)
M) = R T

(2.2.4)

The Cheeger constant, which appears in a well-known work of Cheeger [17], is an impor-
tant quantity and appears in many different contexts. For a recent overview of this theme
we refer to Leonardi [38]. Here, we are interested in some questions involving a nonlocal
version of the Cheeger constant.

For any 2 C R?, a bounded open set, the nonlocal s-Cheeger constant is defined by

_ e B(E)
ho($) = Erégz |E]

(2.2.5)

over all measurable subsets F of (2. The existence of a measurable set Fq C () achieving
the infimum in (2.2.5) has been shown in Brasco et al. [10, Proposition 5.3]. A minimizer
for hy(£2) is said to be an s—Cheeger set of (.

The following properties are easy to prove starting from the definition.
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Proposition 2.2.4. Let Q C R? be an open and bounded set.
1. (homothety law) Py(kQ) = k4 Py(Q) and hy(kQ) = k~*hy(Q) for k > 0.

2. (translation invariance) We have Ps(Q+1x) = Py(2) and hs(Q2+x) = hs(Q2) for any
z € R

3. (rotation invariance) We have Ps(RQ) = Ps(Q) and hs(RQ) = hy(Q) for any isom-
etry R.

4. (domain monotonicity) hs(A) > hs(B) for bounded open sets A, B such that A C B.

Note: Note that the perimeter functional has, in general, no monotonicity properties
with respect to domain inclusions.

Definition 2.2.5. It is said that ) is s—calibrable if it is an s— Cheeger set of itself, that
18,

it

Example 2.2.6. Every ball B := B(0, R) of R? is s—calibrable. This is a direct conse-
quence of the isoperimetric inequality (1.2.4) which is proved in Brasco et al. [10], which
gives for every E C B

P(E) _ PuB) (1BI\" _ Py(B)
E] © B <|E\) =B

and so

Using the Ezample 2.2.2 we have hy(B) = 224=17

S

As compared to the local Cheeger constant, several issues around the nonlocality of
s-Cheeger constants are not yet well understood. For example, while in the local setting
for any convex set the Cheeger set is known to be unique [16], it is not known if this is true
in the nonlocal setting. These are not, however, the questions that we will be interested
in, in this thesis, but, rather, we are interested in some isoperimetric inequalities involving
these quantities.

2.3 Riesz operators

In this subsection we give a brief introduction to the Riesz potential operator and discuss
some spectral functionals which are of interest to us. The main references for this section
are Stein [57], Vladimirov [59], and articles by Ruzhansky et al. [51, 53, 54].

Let Q C R? be a bounded domain (simply connected, open) and d > 1. Let 0 < a < d.
The Riesz potential operator on L*() is defined by

(Loou)(z) = C(d, a)/g%dy (2.3.1)

with C(d, o) = w_%2_o‘r((rfi;—72))/2). If 2a < d, for u € L*(9), the Riesz potential I,(u) is

well defined almost everywhere.
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Note: On RY, the Riesz potential operator I, ga is the inverse of the fractional Laplacian
operator (—A)*, with o = 2s, which may be defined for smooth functions as follows:

(—A)u(x) :=a(d, s) lim Mdy

0% Jpyemnao—yy |7 —yImHE
where a(d, s) is a suitably defined constant.

Proposition 2.3.1. Let Q C R? be a bounded domain, d > 1. For 0 < a < d, the Riesz
potential operator I, q is a bounded linear map from L*(Q) to L*(9).

Proof: The proof given here is extracted from Section 15.4 of Vladimirov [59]. Let R be
large enough such that 2 C B(0, R). Then, using the Cauchy-Schwarz inequality followed
by Tonelli’s theorem, we obtain the following estimate

Haoullz@) = /ﬂ|]a,§zu($)|2d$
- [|f Gt
olla |z —yli
2
- [ || (g ) (=)
<
= (& /(/kc— s ) |x—|da)d”’
<(C(d, o))* max </ d>max </ >/u dy
(ct ))‘TEE(OvR) B(0,R) |$— /| d-e yeB(0,R) \JB(0,R) \x— ylie uy)F

< (C(d,a))*N? / uy) Py < oo

2

dx

dz

where it is enough to take N = fE(o 2R) w%dl‘ (being finite if @ > 0). This shows that
I..q is a bounded operator on L?(Q). [
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Proposition 2.3.2. For 0 < o, and oo + B < d, the Riesz potential operator satisfies

the semigroup property
Iolg =105, (2.3.2)

with Ia = a,Re-
Proof: See Stein [57, Chapter 5, Section 1]. [ |

Proposition 2.3.3. Let Q C R? be a bounded domain where d > 1. For 0 < a < d, the
Riesz potential operator 1, o 1s a nonnegative operator.

Proof: Since the kernel of the operator [, is symmetric, being a bounded symmetric
operator it is self-adjoint.

The non-negaitivity can be deduced using the semigroup property (2.3.2) argument from
Proposition 2.1 of [51]. Consider T : L*(R?) — L?*(R%) defined by

T(u)(z) = C(d, a/2) / xely)uly) . (2.3.3)

re |z —y|2

and its adjoint is given by

7)) = xoly) Cldsa/2) [ (2.3.4)

e |z —y|i72

Then, we note that T*T : L?(R%) — L2?(R?) is given by

C(d,a)xa(z) / Md%

Rd |7 —y|

by using the semi-group property (2.3.2). We shall denote 7T by fa,d which is, clearly,
a non-negative operator. Finally, we note that under the direct sum decomposition
LA(RY) = L2(Q) P L3R\ Q), it’s clear that I, 4 = 1,0 0. Therefore, the compo-

nent /, o is a non-negative operator. [ |

We recall a general result on the compactness of an integral operator on L? space which
will give us the compactness of the Riesz operator. We refer the reader to Cwikel [19]
for details of this result while we limit ourselves to the description of the result in what
follows. For this we first recall the definition of the weak L? space.

Definition 2.3.4. Let (X, u) be a o-finite measure space. For 0 < p < oo, the space of
weak LP functions on X, denoted by LP>°(X, u) (or weak-LP(X, 1)) is the set of equivalence
classes of p-almost everywhere equal functions for which

D=

| £llzreexy i= sup({a?ps(a) : a > 0})
is finite, where pr(a) = p({|f| > a}) is the p measure of the super-level set {|f| > a}.

Note: For any 0 < p < oo we have the continuous inclusion LP(X, u) C LP®(X, p)
which follows from Chebyshev’s inequality

of iy (o) = / P X (jul>a}dp < / u(@) X (u>ay dp < / Ju(x)|Pdp .
R4 R4 R4
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Example 2.3.5. For 0 < p < oo, it is easy to check that u(x) := -5 belong to LP*>°(R?)

|| P
but not does not belong to LP(R?). This shows that the inclusion LP(X,pn) C LP>®(X, 1)
18, 1n general, strict.

Proposition 2.3.6. Let 2 < p < oo and let p' be the conjugate exponent satisfying
% + z% =1. Given g € LP(RY) and f € weak-L¥ (R?) let us define, for any u € L*(R?),

By gu(z) == g flx —y)g(y)u(y)dy .

Then, By, is a compact operator on L*(R?). In particular its singular values sy (the
eigenvalues of ((Byy)*Byg)Y?) satisfy:

igli’kESk(nyg) < Gyl fll oo ll 9l - (2.3.5)
Proof: See the estimate (1) of Cwikel [19]. |

Proposition 2.3.7. Let Q C R? be a bounded domain, d > 1. For 0 < o < d, the Riesz
potential operator I, o is a compact operator. The eigenvalues of I, o satisfy the estimates

A (Q) < Q)2 (2.3.6)
Proof: We follow [51, Proposition 2.1] here. We apply Proposition 2.3.6, while choosing
f= ||‘i+% which is in weak L%(Rd) and g = yq which is in L%(Rd), to deduce that T
defined by (2.3.§) is a compact operator. Therefore the operator T*T is compact, but this
is the operator I, 4 as we have seen during the proof of Proposition 2.3.7 and consequently,

the summand I, is a compact operator.
The estimate (2.3.5) then yields

g2 5;(T) < C|Q|2 . (2.3.7)
Since the eigenvalues of I, o equal the squares of the singular numbers of T', we get
N(Tag) = 5(T)? < Kj~#]Q]7 . (2.3.8)

[
We recall the following definition of operators of Schatten class from [53] and refer the
reader to the details therein for more information.

Definition 2.3.8. Let 1 < p < co. A compact operatorT : H — H on a Hilbert space H
belongs to the Schatten class S,(H) if

1

17, = (Z ) < oo

k=1

where sy, are the singular number of T. ||T||, is called the Schatten-von Neumann norm of
T. When T is self-adjoint and belongs to S,(H) for p =2, it is called a Hilbert-Schmidt
operator and when true for p = 1 it is said to be of trace-class. If T is a self-adjoint
operator in Sp(H) and p is a positive integer, notice that ||T|[b is just TrT®.
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Corollary 2.3.9. The operator I, belongs to the Schatten class S,(L*(Q)) for p > <.

Proof: This follows immediately from the estimate (2.3.6) and the definition of
Sp(L*(9)). u

It will also be useful to keep in mind the following result (see Goffeng [25, Theorem 2.4])
which allows to give an alternate description of the Schatten p-norm for integer values of
p(> 2). Given, 1 < p,q < oo, take L to be defined as consisting of the class of functions
k(x,y) on Q x  such that

e = ([ ([ |k<x,y>|pda:);dy); < .

The Hermitian conjugate of the function k is defined by k*(z,y) := k(y, x).

Theorem 2.3.10. Suppose that K; : L*(2) — L*(Q) are operators with integral kernels
kj for j =1,---,m such that ||k;|| o, ||}l s < 00 for certain p > 2 where p’ denotes
the exponent conjugate of p. Then, for m > p, the operator K1 K, ... K,, is a trace class
operator, and we have the trace formula

Tr(Kie+ Ko) = [ Tk, - da,

where we identify T, 1 with .

As an immediate corollary we have.

d
Corollary 2.3.11. Let p > max (—, 2) be a natural number. Then, we have
!

p
|uaﬂ|\p—zsk Tr(I2g) = (d,a))p/Q [T lzx = ksl day . dzy, (2.3.9)
P k=1

where x,11 15 tdentified with x;.

Proof: The hypothesis on p guarantees that |- [~ is locally in L*" allowing us to

apply Theorem 2.3.10 with m = p and obtain the desired conclusion. [ |
The spectral functionals of interest in the thesis are, the first eigenvalue A;(£2) of the Riesz
operator and the Schatten norm ||, qfl, of the Riesz operator (for p in N). We gather
below some of their relevant properties which will be used in Chapters 3 and 4. The first
(largest) eigenvalue of the Riesz operator is characterized as follows:

| fca |< Loy

A1 (Q) = max cue LAH(Q)\ {0} ;. (2.3.10)

u2(x) dx

It can be shown that the maximizer u; for (1.2.2) exists, and is, in fact, continuous and
satisfies the following Euler-Lagrange equation in the weak form

/ / ’CE id dy=\ (Q)/ul(:p)qb(x)dx for all ¢ € L*(Q),  (2.3.11)

Q
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the strong formulation being

C(d, ) /Q ﬁdy =M (Q) uy () in L*(9). (2.3.12)

d—a

Moreover, the first eigenvalue is simple and the eigenfunction is of constant sign as
stated in Lemma 3.1 of [54] and referred to as Jentzsch’s theorem.

Proposition 2.3.12. Let Q C R? be a bounded domain, d > 1. For 0 < a < d, the first
eigenvalue Ay (the largest) of the Riesz potential operator I, q is positive and simple; the
corresponding eigenfunction u, can be chosen positive.

Proof: We reproduce the following proof from Lemma 3.1 of [54]. It will use the fact
that I2 o being the square of I, o, is also a compact, self-adjoint, and positive linear
operator, and by the variational principle we have that

12 f,
N= sup M . (2.3.13)
rez@.r20 I

Let A; be the first eigenvalue of I, o and u; an eigenfunction corresponding to A, that
is, Inoui = Aug. We keep in mind that I2 qu; = Aui. We assume, without loss of
generality, that the L? norm of w; is 1.

First, we shall prove that u; cannot change sign in the domain €2, which is equivalent to,

lur(z)ur(y)| = wr(z)us(y) forallz € Qandy € Q. (2.3.14)
We can proceed by assuming that (2.3.14) is false, so there are zy and yo € 2 such that
‘Ul(l‘o)ul(yoﬂ > ul(xo)ul(yo). (2315)

From the continuity of w,, there are open neighborhoods U(zy,r) C © and U(yo,r) C
such that

ur(@)ur (y)] > wr(z)u(y) for all x € U(xo,r) andy € U(yo,7) -
Therefore,
usl(y)  |ual(x)
<[2,Q|U1|7 lu1]) = (laolus], laolui]) = C(d,a) / // = z|d 2o — 2o ~dydzrdz
uy ()
> C(d,a) ///]y—z|do‘\x Zldiadydxdz
= (laoui, laoui) = AL (2.3.16)

which contradicts the variational principle (2.3.13). So, u; is of the same sign in  and
moreover, there cannot be any xy in 2 such that u(xg) = 0. Indeed, it follows from the

relation . 1/2)
d— o
— 59 ol
wlro) = m a/z L |xo—yrd -

that if uy(x¢) = 0 then it is zero identically in the whole of € which is not possible.
Finally, we show that \; is simple. Let’s suppose that u; and f; are two eigenfunctions
corresponding to A; which are linearly independent, then u; + cf; is also an eigenfunction
for \; for an arbitrary real number ¢. By what has been proved, without loss of generality
up +cfy > 0 in Q, that is, ¢ > —%-. This is a contradiction since ¢ is an arbitrary real

f1
number. [ |
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Proposition 2.3.13. Let Q C R? be an open and bounded set. Then, the domain func-
tionals A1 (+) (the first eigenvalue of the Riesz operator) and ||1,.||, (the Schatten norm of
the Riesz operator) satisfy the following properties

1. (translation invariance) F(Q) = F(Q + x) for all x € R

2. (invariance under orthonormal transformations) F(2) = F(T(S2)) for every or-
thonormal transformation T .

3. (homothety law) F(kQ) = k“F () for any k > 0.
4. (domain monotony) If A C B are open sets, then F(A) < F(B).

Proof: The properties for \; are easily established starting from the variational for-
mulation of A;. In the case of the Schatten norm it is more convenient to start from the
expression (2.3.9). We sketch the proof of properties 1 and 3 for the functional A;(-). Let

z € R4, for this note that u — w, given by w(z) := u(x + 2), is an isomorphism from
L*(Q) to L*(Q + z) and under this isomorphism, we have
w(z)w(y) u(z+2z)u(y+z)
fQ-i—z fQ+z lz—y[d yadl'dy B fQ—l—z fQ+z |z—y\dg°‘ ‘dl‘dy
Jou lw(@) P Joilu (@ + 2)[* dz
u(t)u(r
B Jo Jo |t(2\d [imra—a dtdr
Jo, lu(t)2dt

from which property 1 follows by taking the maximum. Now we show property 3, for this
note that u — w, given by w(z) :=u (%), is an isomorphism from L?(Q2) to L*(kQ) and

under this isomorphism, we have

Jia Jia Exyﬂ(yg dxdy _ Jio Jia %dﬂ@
Joa 0P IR
oo Jo Jo \Z(ZZTZI(TZY dzdr
Jo lu(2)]2d=

from which property 3 follows by taking the maximum. Properties 2 and 4 can be proved
analogously. [ ]

2.4 Isoperimetric inequalities

In this section we recall some isoperimetric inequalities, both local and nonlocal, already
known in the literature along with short sketches of their proofs. A few of the most basic
isoperimetric inequalities are the following:

P(A*) < P(A) and P(SA) < P(A) for any Borel measurable set in R? of finite perimeter .

Closely related to these isoperimetric inequalities are the Pélya-Szegé and Riesz inequal-
ities.
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Theorem 2.4.1. (local Pdlya-Szegd inequality) Let u be a non-negative function
belonging to HY(R™). Then

/]Vu*(x)|2dx§ \Vu(z)|%dz
R™ R™

Proof: The following proof is from Lieb and Loss [40]. Let u be the Fourier transform
of u. Then, we have

Vu(@)Pde = | [Fu(@)Pde = / 4m[€||a(€) e
R Rn n

— dima [ (11— R (e 2a
Rn

t—0 ¢

=t (5 [ 1k [ e wia)

t—0 \ ¢ R

=t (5 [P [ ] G nuteutnioy
i (7 [ WP =3 [ @t - o)
1zl

@ is the heat kernel. The inequality in the last line is a

v
5

where Gi(z — y) = (

4mt)n/2 €
consequence of the Riesz inequality (2.1.12). [

Isoperimetric inequality for the fractional perimeter: The following scale-invariant
nonlocal isoperimetric inequality

(E% BB (2.4.1)

[E|'"a — |BI'”

Qo[ ~—

where B is any d—dimensional ball, holds with equality ocurring if only if £ is a ball.
This result follows directly from the fractional Sobolev inequality Theorem 4.1 proved in
Frank and Seiringer [24] which they proved using a fractional Pdlya-Szegd inequality on
LP. If we restrict ourselves to sets of finite perimeter in R¢, then the above result also
can be obtained following Proposition 4.2 and Corollary 4.4 of Brasco et al. [10]. The
nonlocal isoperimetric inequality may be viewed as saying that the symmetric-decreasing
rearrangement diminishes the fractional perimeter. As regards the Steiner symmetrization
we may state the following and it, basically, follows directly from Corollary 4.1.2 (which
is proved in Chapter 4 of this thesis) for the choice of the function xg in W*1(RY).

P(SE) < P,(FE) for every Borel set E of finite perimeter (2.4.2)

where SFE is Steiner symmetrization with respect a hyperplane.

29



Theorem 2.4.2. (nonlocal Pélya-Szeg6 inequality under symmetric-decreasing
rearrangement) Let d >1,0<s<1,2s<d andu € W5’2(Q). Then,

|u*(z / / |u(x y)|>
d dy < — 2 L dxdy.
/Rd /Rd ’95 - ’d+2s = Rd JRd |$ - |d+28 Y

The equality holds iff u is proportional to a translate of a symmetric-decreasing function.

Proof: See [1] and [24] (where also the equality case is discussed). |

Remark 2.4.3. In [}4] the nonlocal Pdlya-Szeqd inequality for Steiner symmetrization is
stated without proof. A proof of this can be found in my master’s thesis [45] (in Spanish).
In Chapter 4, we give an English translation of the same for the sake of completeness.

(Rayleigh-Faber-Krahn inequalities): We briefly recall the following Faber-Krahn
inequalities.

Theorem 2.4.4. (FKI for the Dirichlet Laplacian) Let Q2 be an open set of finite
volume in R and let

A1(Q2) = inf {/Q|Vu(x)|2dx cu € Hy(Q), [Jullz2) = 1} (2.4.3)

be the first eigenvalue of the Laplacian eigenvalue problem on S0 with Dirichlet boundary
conditions

—Au=Au in S
L=Anm (2.4.4)
u=0 on 0.
Then, we have
AL(€2) = A (229)
where Q0 is the ball having the same volume as €.
Proof: Let ¢; be a minimizer for A\;(€2) in (2.4.3) so that
A () = Vo (z)|*da . (2.4.5)

R’Il

Applying the Pélya-Szegé inequality (Theorem 2.4.1) together with the observation that
the L?—norm is unchanged under symmetric-decreasing rearrangement, that is, it holds
that [[¢1l2 = [|[¢7]|2 = 1, we get

_ /Q Vor(e)Pdr > | |V6i()dr > (). (2.4.6)

Theorem 2.4.5. (FKI for the Riesz potential operator) Let Q be an open set of
finite volume in RY.  Abusing notation, let A\ (Q) be the first eigenvalue of the Riesz
potential operator given as in (1.2.2). Then, we have

AL(27) > A ().

Where Q2* is the symmetric rearrangement of €.
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Proof: This is given following Lemma 3.2 of [51]. Let ¢; be a maximizer of A;(2).
Then, using Riesz’s inequality for the symmetric-decreasing rearrangement (2.1.12) to-
gether with the observation that the L2—norm is unchanged under symmetric-decreasing
rearrangement, we have

A (Q) = C(d, @) /Q Txl(jj';( >d:cdy < C(d,a) / * T;(_)qﬁllj a)dxdy < M ().
(2.4.7)

Theorem 2.4.6. For Q0 C R? which is open and bounded, let \j(Q) be the principal
Dirichlet eigenvalue for the fractional Laplacian defined as below

: u(z ?
A1) = inf ){ WSQ(Q / / i ’n+28’ dxdy : |Jul| 2@ = 1 } (2.4.8)

ueWs(Q
over the fractional order Sobolev space WSQ(Q) Then, we have
A1(02) > AT (). (2.4.9)
Moreover, if equality holds in (2.4.9) then Q) is a ball.

Proof: The inequality and the equality case, can be deduced using Theorem 2.4.2. W
The following is an isoperimetric inequality for the Schatten norms of Riesz potential
proved in Rozenblum et al. [51].

Theorem 2.4.7. For any integer p with py := g <p<oo, we get

H]oa,ﬂ”p < H]oz,Q* p

Proof: By the trace formula for the Schatten norm of I, o given in Corollary 2.3.11, we
get

[e.e]

Z)‘J Q)P =Tr( Igﬂ C(d,a) / H |2, — X1 |* ey . day, Tp = 1. (2.4.10)
QP

By Brascamp-Lieb-Luttinger inequality (2.1.13) for symmetric-decreasing rearrangement,
we get

// |l — yz’afd’w _y3|a7d-"’yp_yl‘aiddyl-'-dyp
Q Q
< / o =l e = sl g — |y dy,.
* Q*

By the above inequality and (2.4.10), we get

iAf(Q) < iAg(Q*). n
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2.5 Hausdorff convergence of sets

Definition 2.5.1. The Minkowski addition of two sets X,Y C R? is defined by

XoY:=JX+y) (2.5.1)
yey
The Minkowski difference of two sets X, Y C R? is defined by
XovY:=)X-y). (2.5.2)
yey
IfY =-Y, then
XeoY={)X+y). (2.5.3)
yey

Note: If K is a convex body the set K © B(0,¢) is called the inner parallel body of K
at distance € (see pages 93 and 148 of [55]).

Definition 2.5.2. Let K and C be two nonempty compact sets in R%. Then their Haus-
dorff distance is defined as

d?(K,C) =inf{e >0; K CC @ B(0,¢) and C C K ® B(0,¢)}.

Let Oy, Oy be two open subsets of a compact set B. Then the so-called complementary
Hausdorff distance is defined by:

di(01,0;) = d?(B\Oy, B\Oy). (2.5.4)

Remark 2.5.3. d(K,, K) — 0 when n — oo if and only if for every e > 0 there is n,
such that K, C K & B(0,¢) and K C K,, & B(0,¢) for every n > n..

The following compactness result with respect to Hausdorff convergence shall be useful.

Theorem 2.5.4. Let B be a fived compact set in R and {,} a sequence of open sets in
B. Then, there is an open set Q C B and a subsequence {Q,, } of {2} which converges
with respect to the Hausdorff distance to ).

Proof: See Theorem 2.3.15 of Henrot [29]. |

Remark 2.5.5. Let {P.} a sequence of polygons of n sides, contained in a closed ball
B, then by Theorem 2.5./ we have there is a set P such that a subsequence of {Py}
converges with respect to the Hausdorff distance to P. By the Heine-Borel theorem, up
to a subsequence, the vertices of P, converge to some number m of distinct points. So,
in fact, these point should be the vertices of P, a polygon of m sides with m < n. In
particular, it follows that if {A\,} is a sequence of triangular domains with fized area say
A that converges with respect to the Hausdorff distance to a domain /\, then we have
lim,, o Area(A,) = Area(N) = A. If A is an interval, then we have Area(AN) =0 < A.
Therefore A\ is a triangle. [ |

Finally, we end this section by stating a lower semicontinuity result for the perimeter
with respect to the convergence, in the complementary Hausdorff distance, for which we
refer to Henrot and Pierre [30, Section 2.3] for the details. Given a family of convex open
sets {Q,}, all contained in a fixed ball, that converges with respect to the complementary
Hausdorff distance to an open convex set {2 we have

P(Q) < lim P(Q,). (2.5.5)

n—o0
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Chapter 3

Isoperimetric inequalities for the
Riesz potential operator in the class
of triangles and quadrilaterals

The main results of this chapter are the isoperimetric inequalities for the first eigenvalue
and the Schatten norm of the Riesz potential operator while restricting the class of do-
mains to be triangles or quadrilaterals. Some of the existing results have been reviewed
briefly in the Introduction and recalled in Chapter 2.4. We recall that, given d > 1,
0 < a < d and a bounded open domain € C R? the Riesz operator I, o : L*(2) — L?(Q2)
has been defined in Chapter 2.3 by

(Iyu)(x da/‘x_y‘da

where C(d, o) = —52- O‘%. This was seen to be a compact, self-adjoint, and
positive operator Whose maximal eigenvalue is given by

max{/ [ cla.c P ay e (0 %Hunmwl}'

The maximizer in the above exists and is an eigenfunction which satisfies the following
Euler-Lagrange equation

C(d,a) /Q%dy =\ (Q)u(x) in L*(Q) (3.0.1)

having the weak formulation

/n/c y|d D)) gy =, (Q)/ (2)(z)dx for all ¢ € L2(Q). (3.0.2)

Q
Moreover, the first eigenvalue is simple and the eigenfunction is of constant sign. The main
aims of this chapter are to prove Theorems 1.2.1 and 1.2.2. We also prove two secondary
results which are used in the proof of the main results. The first is the continuity of the
functionals A;(€2) and ||I,ql|, of the Riesz operator with respect to the convergence in
the Hausdorff complementary metric of a family of uniformly bounded convex open sets
(Proposition 3.1.4 and Corollary 4.2.3). The second is a discussion of the equality case in
Riesz’s inequality for the Steiner symmetrization in higher dimensions, a result which is
not thoroughly treated in the literature.

33



3.1 Continuity of the shape functionals for the Riesz
potential operator

Before we can prove the continuity results Proposition 3.1.4 and Corollary 4.2.3 for the
spectral functionals for the Riesz operator we need the following observations on convex
bodies.

The first proposition shows formally that the inner parallel body of a set X at distance €
is contained in the complement, within any bigger set Z, of the fattening of Z \ X by e.

Proposition 3.1.1. Let X, Z C R? with X C Z and let € > 0. Then
X o6 B(0,¢e) C Z\((Z\X) @ B(0,¢)) . (3.1.1)
Proof: From (2.5.2) it follows that (X © B(0,¢€))¢ = X¢® B(0, €) from which
ZN(XoeB(0,e)=2ZnN(X°® B(0,¢)). (3.1.2)
On the other hand, we have trivially
ZN{(ZNX)@® B(0,e)) CZN(X“@® B(0,¢)).

So, after taking the complement with respect to Z in the previous relation and then, using
(3.1.2), we get

Z\(Zn (X e B(0,)) € 2\(ZN((ZNX) @ B(0,¢))).
From this, in view of the hypothesis that X C Z, we get
X6 B(0,6) CZ\((ZNX°) @ B(0,¢)). [ |
Proposition 3.1.2. Let X be an open convex set of R:. Then, the following holds:
X o B(0,e) = X o B(0,e).

Proof: On the one hand, it is clear that X © B(0,¢) C X © B(0,¢).
On the other hand, for any x € X © B(0,¢), it follows from the definition (2.5.2) that

B(r,¢) € X. Since for an open convex set it is true that X = X (see Theorem 2.28 of
[47]) we get B(x,e) C X, and so, x € X & B(0,¢). This proves the inclusion which is less
obvious. |

The main ingredient in the proof of Proposition 3.1.4 is the following Lemma.

Lemma 3.1.3. Let K be a conver body in RY, with B(0,r) C K C B(0,R) for some
numbers r >0 and R > 0. If 0 < e < 2 then

4R
Re

LAE-KcKeB@@cK. (3.1.3)

Proof: See Lemma 2.3.6, page 93 of [55]. |

The following abstract continuity property for a shape functional can be deduced, es-
sentially following Proposition 1.3 [44] or Proposition 2.9 [42].
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Proposition 3.1.4. Let F' be a functional over the classes of nonempty convexr open
subsets in R? which satisfies the following conditions

1. (invariance under translations) F(B+x) = F(B) for any x € R? and B open convex
subset of R™.

2. (domain monotonicity) F(B) < F(A) whenever A C B (or, F(A) < F(B) whenever
A C B).

3. (homothety law) There exist « € R, such that F(kA) = k*F(A) for all k > 0 and
for every bounded open set A.

Let B be a fized compact set in R? and ), be a family of nonempty convex open subsets
of B which converges, for the complementary Hausdorff distance, to a nonempty convex
open set Q). Then, F(2) = lim, oo F(2,).

Proof: Since F is invariant under translation we can assume that 0 € . Since (2 is
an open set, there is an open ball such that B(0,r) C Q. We assume, without loss of
generality, that B is the closure of the ball B(0, R) for some R large enough. STEP 1:
Since, dg(€2,,2) — 0, by the definition of the complementary Hausdorff distance, for any
€ > 0 there exist n. such that

B\Q C (B\Q,,) ® B(0,¢) for all n > n, (3.1.4)
and
B\Q,, C (B\Q) @ B(0,¢) for all n > n,. (3.1.5)

Further, by taking the relative complement in (3.1.5) with respect to B and thereafter
applying Proposition 3.1.1 with the choices X = (2 and Z = B, we obtain

Qe B(0,¢) € Q, for all n > n,. (3.1.6)
Therefore, by Proposition 3.1.2, we also have
Qo B(0,¢) CQ, for all n > n, (3.1.7)
From the above, by choosing 0 < e < r, we get
B(0,7 —€) = B(0,7) © B(0,¢) C Qo B(0,¢) C Q, for all n > n..
So, if 0 < € < 5, then we shall also have
B(0,r/2) € Q, for all n > n,. (3.1.8)

STEP 2: Let us now fix 0 < € < %. For this choice, we also have 0 < € < % and so,
applying Lemma 3.1.3 with the compact set  in mind, we get

Re Re -
(1 - 16T—2) Qc <1 - 16ﬁ> Qc Qe B, (3.1.9)
So, using (3.1.7), it follows that
Re
1-16— ) Q CQ, for all n > n,. (3.1.10)
r
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Then, by using the domain monotonicity and homothety properties of F', we can obtain
the inequality

Re\*
<1 — 16r_2) F(Q) < F(Q,).
After taking the liminf, as n — oo, we obtain

(1 - 16%)QF(Q) < lim F(,). (3.1.11)

n—oo

If we now take the limit as € — 0 in (3.1.11) we get

F(Q) < lim F(,). (3.1.12)

n—oo

STEP 3: Arguing similarly as in Step 1, but starting from (3.1.4), we can also obtain
the inclusion
Q, © B(0,¢) CQ for all n > n,.

In view of (4.2.2) and since we have chosen 0 < € < %, by applying Lemma 3.1.3 with

the compact set ,, in mind we obtain
R R —
(1 - 16—;) Q, C (1 - 16—;) 0, C 0,0 B(0,€).
r r

So, continuing similarly as in Step 2, we conclude that

lim F(Q,) < F(9Q). (3.1.13)
n—oo
The desired result follows from (3.1.12) and (3.1.13). [

Corollary 3.1.5. The first eigenvalue \i(-) and the Schatten norm ||1,.||, of the Riesz
potential operator satisfy the hypotheses of Proposition 3.1.4 and, so we have that Ay and
| 1o, |lp are continuous with respect to the convergence, in the complementary Hausdorff
distance, of a family of uniformly bounded nonempty convex open sets.

3.2 Case of equality in Riesz’s inequality for Steiner
symmetrization

We require the following lemma.

Lemma 3.2.1. Let A C R be a Lebesgue measurable set with |A| > 0. If A=A+ x for
some x € R — {0}, then |A| = oco.

Proof: Since |A| > 0, necessarily there exists an n € Z for which B := AN [n,n + 1]
has positive measure. Notice that B+ 2 C A+ x = A and then, using induction, we
also obtain B +max C A for every m € Z. Now, we assume, without loss of generality,
that x > 0 and then choose M € N such that Mz > 1. Then it follows that the
intervals [sMxz + n,sMz + n + 1] are disjoint for distinct s € Z. Since, B + sMz C
[sMz +mn,sMx + n+ 1], we obtain that the sets B + sMx are disjoint for distinct s € Z.
Therefore, necessarily it follows that |A| = oo, since A contains infinitely many disjoint
copies of B. [
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Proposition 3.2.2. In addition to the hypotheses of Corollary 2.1.8, suppose that g
18 symmetric with respect to the hyperplane H and strictly decreasing in the orthogonal
direction (moving away) and that both f and h are non-zero measurable functions, then
there is equality in (2.1.11) if and only if there exists w € R? of the form (0,0,...,0,k)
for some k € R, such that f(x) = Sf(x—w) and h(z) = Sh(z —w) for almost all x € R.

Proof: The equality case in the d-dimensional case, for d > 2, is discussed below. The
proof, unlike the proof of the equality case in Riesz’s inequality under the symmetric-
decreasing rearrangement or Schwarz symmetrization sketched in Theorem 3.9 of Lieb
and Loss [40], does not require induction on the dimension. We exploit, directly, the
one-dimensional result. Since we have chosen an orthogonal coordinate system wherein
H is the plane {(2/,0) : 2’ = (21, 2s,...,74_1) € R¥1} the hypotheses on g gives us
g(2',-) = Sg(#',-) and so the equality I(f,g,h) = I(Sf,g,Sh) written as

/ f(@ za)g(x" — v, xg — ya) R (Y, ya)dzqdyada’ dy'
Rd—1xRI-1 JRxR
- / / S 22)g(@ — o 24— ya) (Y, ya)dzadyada' dy
Rd—1xRI-1 JRxR

with (z/,1') € R41 x R For any fixed (2/,y) € R¥™t x R?"! by definition, Sf(z’, )
and Sh(y/, -) are the one-dimensional symmetric-decreasing rearrangements of f(z’, ) and
h(y',-) respectively. So, for any 2/, € R?"! Riesz’s inequality applied to the functions
f(@',),9(x —y,-) and h(y,-) viewed as functions of the final variable gives us

f(l'/v xd)g(a:’ i yd)h(yla Ya)dxqdyq

RxR

< / Sf( za)g(@ =y, xqg — ya) Sh(Y', ya)dzadyq .
RxR

From the above it follows that

f@ xq)g(x =y xa — ya) WY, ya)dxadya
RxR

:/ Sf(',zq)g(x — ', va — yao)SMY , ya)dzadyy ae. 'y . (3.2.1)
RxR

Let S be the set of (2,y') for which equality holds in (3.2.1), so that (R¢"! x R\ S
has measure 0. Also, let

M = {2 ¢ R*™: f(z/,-) is non-zero}, N = {y/ € R¥': h(y/,-) is non-zero} .

Note that, by our hypothesis, both M and N are of positive measure. Also, for any
(',y") € M x N, by the definition of M and N, both f(2',-) and h(y',-) are non-zero
functions. Therefore, for any (2/,y') € S((M x N), since we have equality for Riesz’s
inequality in one dimension, we deduce that there exists k& € R which, a priori, is a
function k(z’,y") of (2/,7') such that

f(@ zq) = Sf(x',xq—k) ae. x4 and (3.2.2)
My ya) = Sh(y,ya—k) ae. ya. (3.2.3)

Now, S()(M x N) is of full measure in (M x N) and so, for almost all ¥ € N the
section (S()(M x N)),, which is the section of S((M x N) at y' is of full measure in
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M. Consider any y; in N for which (S((M x N)),, has the same measure as M. Now,
for any 2/, 2 € (S((M x N)),; we observe that

f@' 2q) = Sf(2' 2 — ko yy) ace. wa, h(yy,ya) = Sh(Yy, Ya — kary,) a-e. Ya
f(Z/J?d) = Sf(Z/,Id - kz/,y6> a.c. Tq, h(yé, Ya) = Sh(yg, Yda — kz’,y6> a.e. Yq

from which we obtain

h(y(l)7yd> = h(y(/)7yd + kz’,yé - kx/,%) a.€. Yd (324)

Since y; belongs to N we see that {yq : h(y(, va) # 0} is of positive measure. Also, since
h(y(, -) vanishes at infinity, it is possible to fix a ¢ with 0 < ¢ < oo such that the measure
of A = {yq: h(yy,ya) > t} is finite and positive. Also notice that, by (3.2.4), we have
A=A+ kyy — kuy. Therefore, using Lemma 3.2.1, we have k.., = k. Let us
denote this common value by k(y;). This implies that f(2/,-) is symmetric-decreasing
about x4 = k(y;) independently of 2’ in (S((M x N)),,. That is, f(z',-) is symmetric-
decreasing about x4 = k(y;) for almost every 2’ in M. Since, f(2’,-) is independent of y;,
we can also conclude that k(y;) does not really depend on g, since a non-zero function
vanishing at infinity cannot be symmetric-decreasing with respect to two distinct points.
Therefore, for almost every 2’ in M, f(2/,-) is symmetric-decreasing about x4 = k where
k now is independent of z’,y/'.

Similarly, we could start with any x; € M such that the section (S((M x N ))1‘6
which is the section of S ((M x N) at z, is of full measure in N. Then, arguing as above,
after reversing the roles of f and h and using the point z{, in M, we also conclude that, for
almost all w' € M, h(w',-) is Steiner symmetric about y; = k also, using (3.2.2)-(3.2.3),
since k turns out to be independent of 2’ and y/'. [ |

3.3 Proof of the main theorems

The maximization problem of Theorem 1.2.1 for maximizing the Riesz eigenvalue A;(-) in
the class of triangles or quadrilaterals of given area may be formulated as

max{\(P): P € Py, area(P)=a} (3.3.1)

where Py is the class of nonempty open convex polygons with N edges. It is possible to
show using the compactness of the class of uniformly bounded open convex sets for the
complementary Hausdorff' distance (see Theorem 2.3.15 of [29]) and Corollary 3.1.5 the
existence of an open set {2 for which the maximum is attained in (3.3.1). As mentioned
in the introduction, even for the eigenvalues of the Laplacian with Dirichlet boundary
condition the corresponding FKI is still open for polygons with 5 or more sides. Our aim
is to show the existence of solutions of (3.3.1) in the class of triangles and quadrilaterals
and to characterize them, that is, prove a FKI.

Proof of Theorem 1.2.1 Let A\; be an arbitrary triangle of area a. We successively
define triangles A\, by taking the Steiner symmetrization of A\, with respect to the
perpendicular bisector of a side with respect to which there is no symmetry. Then, by
part 2 of the Proposition of 2.1.6, each of the triangles has area a and also the triangles
are uniformly bounded since, by part 3 of the proposition by Proposition 2.1.14, the
circumradius decreases after successive Steiner symmetrizations. Then, it can be shown
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Figure 3.1: Sequence of triangles

that the sequence A,, converges with respect to the complementary Hausdorff distance
to an equilateral triangle A (see page 158 of [46], 20.7 Theorem, pages 153-154 of [4] or
Theorem 3.3.3 [29]).

Let f, be an eigenfunction for A\;(4A,), that is, a function for which the maximum
is attained in (1.2.2) which we can take to be continuous, non-negative and having unit
L? norm. By property 1 of Proposition 2.3.13 the eigenvalue A\;(A,) is invariant under
translations, and so in this expression we may always assume that the coordinate system
has its origin at the circumcenter of the triangle. Furthermore, for the ease of considering
Steiner symmetrization of functions with respect to the chosen line of Steiner symmteri-
zation of A,,, by the rotation invariance of the eigenvalue, we may assume that this line
is oriented along the xi-axis. Let Sf, be the corresponding Steiner symmetrization of fn
(the extension of f,, by zero outside A,) which is a Borel measurable function vanishing
at infinity. We note that Sf,, has to be supported on the closure of A, .1. By property 2
in Proposition 2.1.6, we note that Sf, also has norm 1 in the L? norm. Notice that the
Riesz potential |z|~~%), is Steiner symmetric with respect to the x; axis. Since a < 2, it
is also a strictly decreasing function away from the zi-axis in the xo-direction. Therefore,
we can apply Corollary 2.1.8 to the function f, (taken twice) and with the function in
the middle taken as the Riesz potential to obtain

(D) = // )f[;(jd dy

< / / S{;(_)ﬁfni SIS 1) 4y
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< max / / C(2,q) ( Jwly) T drdy
'UJGL2(A”+1 n+1 n+1 |

= M(Lp) (3.3.2)

for each n. Therefore,
)\1<A1) S Al(An) for all n.

We then use the continuity property of the Riesz eigenvalue for the complementary Haus-
dorff convergence (Corollary 4.2.3) and get

/\1(&1) S lim Al(An) = )\1(&)
n—oo

This shows that A; has its maximum value for an equilateral triangle of given area.

The proof, in the case of quadrilaterals, that the maximum is attained for a square uses
a similar argument as in the case of triangles. To start with, apply Steiner symmetrization
with respect to an axis [; which is perpendicular to a diagonal of the quadrilateral (not
necessarily convex, see one of the figures below for the non-convex case), for which the
other two vertices aren’t on the same side of this diagonal. The resulting object is a convex
quadrilateral which is symmetric with respect to this axis. Next, we Steiner symmetrize
with respect to a perpendicular axis /5 and thereby get a rhombus. This is to be followed
by a Steiner symmetrization with respect to an axis [3 perpendicular to one of the sides
to produce a rectangle. The rectangle is then Steiner symmetrized with respect to an axis
perpendicular to a diagonal to get, again, a rhombus. By repeating the procedures for
the rhombus and rectangle we end up with an infinite sequence of rhombi and rectangles
which converge, ultimately, in the complementary Hausdorff distance, to a square (refer
to pages 158-159 of [46] or 20.8 Theorem, pages 154-155 of [4]).

Now we will address the proof of the uniqueness. We consider the case of triangular
domains. Suppose that A is any triangle for which the maximum is attained in (3.3.1).
If we suppose that A is not an equilateral triangle, then there is at least one side m of A
such that A is not symmetric with respect to the perpendicular bisector to m. Let SA
the Steiner symmetrization of A respect to the perpendicular bisector of m. Let f be
the first normalized eigenfunction associated to A;(A) and Sf its Steiner symmetrization
respect to the perpendicular bisector of m. Using the property 3 of the Proposition 2.1.6
and Corollary 2.1.8 and we obtain

( )Sf(y)
A(SA) > /SA/SA Jfio — " dxdy

o i

= (3.3.3)

Now, the fact that A maximizes A; leads to the observation that A;(SA) = A (A) and
so, we get the equality case in Riesz’s inequality. Then, by Proposition 3.2.2 it follows
that f is a translate of Sf. Furthermore, Sf is a maximizer for A;(SA). As mentioned
in the Proposition 2.3.12, the first eigenfunction for the Riesz operator f,Sf are strictly
positive on A and SA respectively, and so

A={z: f(x) >0} = {z:Sf(x—y) >0}
= SA+y.
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Figure 3.2: Sequence of quadrilaterals

Figure 3.3: Symmetrization of a nonconvex quadrilateral

Thus, A is Steiner symmetric with respect to the perpendicular bisector of m contrary
to our supposition. So, we conclude that the equilateral triangle is the only minimizer.
The uniqueness in the quadrilateral case is similarly proved by contradiction. [ |

Remark 3.3.1. Given an arbitrary pentagon, it is not possible to guarantee the existence
of a line with respect to which the Steiner symmetrization results in a pentagon; in general,
the number of sides will be increased. For example, the pentagon in the following figure
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becomes a hexagon. Note that the interval AB gives two sides after applying a Steiner
symmetrization with respect to I. This situation has been an obstacle in making progress
on such isoperimetric problems for n > 4.

Figure 3.4: The Steiner symmetrization of a pentagon has, in general, at least six edges.

We now briefly consider possible 3—dimensional analogs of our planar results for tri-
angles and quadrilaterals. These results apply to tetrahedra and certain prisms and are
outlined in the following Theorem. We begin with tetrahedra, the 3—dimensional ana-
logue of triangles. A reference to Steiner symmetrization in 3 dimension is p. 5 of [46].

Definition 3.3.2. Let Ey and Es be two parallel planes (visualize the first one being under
the second), R a polygonal region in Ey, and L a line that intersects By and Fs, but not
R. For each point P of R, let PP’ be a segment parallel to L and joining the point P with
its other extreme P’ in E. The union of all segments PP’ is called a prism.

The polygonal region R is called the lower base, or simply the base of the prism. The
part of the prism that is at Fy is called the top base. The edges of the faces of the prism
that do not lie in the planes Ey and Es are called the lateral edges of the prism. If L
18 perpendicular to Ey and Es, then the prism is called a right prism; otherwise it is an
oblique prism.

Theorem 3.3.3. The mazimum of A\ (2) among all tetrahedra of given volume V is
obtained when ) is a reqular tetrahedron and only when ) is a reqular tetrahedron. Sim-
ilarly, the mazimum of A (2) among all prisms (right or oblique) of given volume V' and
a quadrilateral base is obtained when §2 is a cube and only when §2 is a cube.

Proof: Let T be an arbitrary tetrahedron of a given volume V. First we Steiner
symmetrize T with respect to a plane perpendicular to one of its edges. Next we Steiner
symmetrize our new tetrahedron with respect to a plane perpendicular to the edge that
lies in the former plane of symmetrization (this is the one edge of the tetrahedron that isn’t
the edge with which we started and that doesn’t meet it). The tetrahedron so obtained has
two planes of symmetry perpendicular to each other. By repeating these above two steps
alternately we end up with an infinite sequence of tetrahedra which converge, ultimately,
in the complementary Hausdorff distance, to a regular tetrahedron Tx with the given
volume V' (see [46], p. 159). By the same arguments given in the previous proof we have
that

M(Tr) > M(T). (3.3.4)
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Now we will address the proof of the uniqueness of the case of tetrahedral domains.
Suppose that Tj is any tetrahedron for which the maximum is attained in

max{A(7) : T 1is a tetrahedron,  volume(P) = a} (3.3.5)

If we suppose that Tj is not a regular tetrahedron, then there is at least one edge m of
Ty such that Tj is not symmetric with respect to the perpendicular bisector plane to m.
Let STy the Steiner symmetrization of Tj respect to the perpendicular bisector plane of
m. Let f be the first normalized eigenfunction associated to A\(7p) and Sf its Steiner
symmetrization respect to the perpendicular bisector plane of m. Using property 3 of
Proposition 2.1.6 and Corollary 2.1.8 and we obtain

nist) = [ STC o) |f( )‘Tfi)dxdy
(2)/ ()
= /TO /TO —yl*~ “d way
— (T (3.3.6)

Now, the fact that T, maximizes \; leads to the observation that \(STy) = A\ (7p) and
so, we get the equality case in Riesz’s inequality. Then, by Proposition 3.2.2 it follows
that f is a translate of Sf. Furthermore, Sf is a maximizer for A\;(S7p). As mentioned
in the Proposition 2.3.12, the first eigenfunction for the Riesz operator f,Sf are strictly
positive on Ty and STj respectively, and so

To={z: f(x) >0} = {z:Sf(x—-y)>0}
= STo+y.

Thus, Ty is Steiner symmetric with respect to the perpendicular bisector plane of m
contrary to our supposition. So, we conclude that the regular tetrahedron is the only
maximizer.
The proof, in the case of prisms, uses a similar argument as in the case of tetrahedra. Let
P be an arbitrary prism of a given volume V. First we Steiner symmetrize P with respect
to a plane perpendicular to one of its lateral edges and change it into a right prism. We
then take a sequence of Steiner symmetrizations with respect to planes orthogonal to the
base of the right prism so that the bases converge to a square (it is enough to choose the
same sequence of lines as in the successive Steiner symmetrizations of the quadrilateral
and the perpendicular to the base to form these planes). This leads to a a right prism
with square base (see [46], p. 159). The above process is repeated taking one of the lateral
faces now as the base to get another right prism and so on until the right prisms converge
to a cube.

The uniqueness in the case of prisms is proved similarly by contradiction. [ |

Proof of Theorem 1.2.2: We now briefly sketch the proof of corresponding isoperimet-
ric inequalities for Schatten norms of the Riesz potential. In all our discussions to follow,
p is taken to be a positive integer. Other conditions will be included as needed. The proof
goes along similar lines as that of Theorem 1.2.1, in the case of triangles we start with
the same construction of a sequence of triangles A,, starting from an arbitrary triangle.
By the Brascamp-Lieb-Luttinger inequality for Steiner symmetrization (Theorem 2.1.9),
we get

D> N(A,) = (C2,0)) /A . /A s — yol Py — ys 7y — 3]y - dy,
j:1 n n
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We then use the continuity property of Schatten norms of the Riesz potential for the
complementary Hausdorff convergence and get

Z No(Ay) < 7115202 AP(A i AP(A
j=1

The quadrilateral case is similarly proved.

Now we will address the proof of the uniqueness. We consider the case of triangular
domains. Suppose that A is any triangle for which the maximum is attained in ||, ql|,
where () has fixed area. If we suppose that A is not an equilateral triangle, then there is
at least one side m of A such that A is not symmetric with respect to the perpendicular
bisector to m. Let SA the Steiner symmetrization of A respect to the perpendicular

bisector of m. We have,
D ON(A) <D N(SA)
j=1

Now, the fact that A maximizes ||/, ql|, leads to the observation that |1, all, = |[la.sallp
and so, we get

/ /\yl—y2|a‘2|yz—y3\“‘2---|yp—y1|a‘2dy1.--dyp
A A

/ . / 1 — w2l Plye — w7y — [Ty dy,  (3.3.7)
SA SA

On the other hand, for almost all y,_» and y;, there are no translates of |y,_1 — yp_2|* 2
and |y, — y1|*? which are both Steiner symmetric. Therefore, by Theorem 3.2.2, we
conclude that

/ / |yp—2 - yp—1|a_2|yp—1 - yp|a_2’yp - y1|a_2dyp—1dyp
AJA

< / / [Wp—2 — Yp—11* 2 [Yp—1 — Up|* 2y — w1 |* 2 dyp_1dy,,
SA JSA

for almost every (yi,ya, ..., Yp—2).
Integrating over the remaining variables we get

/ /\yl Yol Plye — sy — a0y - dy,

< [ el el
SA SA

The above is contrary to (3.3.7). So, we conclude that the equilateral triangle is the only
maximizer.

The uniqueness in the quadrilateral case is similarly proved by contradiction. [ |

Theorem 3.3.4. Let p be an integer such that p > max (g, 2). The mazimum of ||1nqll,
among all tetrahedra of given volume is obtained when ) is a reqular tetrahedron. Simi-
larly, the mazimum of ||1.qll, among all prisms (right or oblique) of given volume and a
quadrilateral base is obtained when € is a cube.

Proof: The proof of this theorem is analogous to the proof of Theorem 3.3.3. |
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Chapter 4

An isoperimetric inequality for the
fractional Cheeger constant and
nonlocal perimeter for triangles and
quadrilaterals

In this chapter we will prove Theorems 1.2.3 and 1.2.4. The proof uses a nonlocal Pdlya-
Szegd inequality under Steiner symmetrization and continuity results for the respective
functionals, for the convergence of a family of uniformly bounded nonempty convex open
sets, in the complementary Hausdorff distance. This inequality was also used in a previous
work on isoperimetric inequalities for the first eigenvalue of the fractional p-Laplacian with
Dirichlet boundary conditions [44]. Since, in the literature, it is difficult to find anything
beyond a statement of the nonlocal Pélya-Szeg6 inequality under Steiner symmetrization
its proof was detailed in the master’s thesis of Olivares[44] in Spanish. Here, we reproduce
the proof for the sake of completeness (only for bounded functions). The proof is an
adaptation of the proof of Lemma A.2 of [24] to the case of Steiner symmetrization. The
preliminary results include the continuity of the fractional perimeter and the continuity
of the fractional Cheeger constant with respect to the convergence, in the complementary
Hausdorff distance, of a family of uniformly bounded nonempty convex open sets.

4.1 Nonlocal Pdélya-Szego inequality

Following the same ideas given in Lemma A.2. of [24], for Steiner symmetrization instead
of symmetric-decreasing rearrangement, we get the following lemma:

For .J a nonnegative, convex function on R? with .J(0) = 0 and k a nonnegative measurable
function on R? , we let

Elu] :== fRd fRd J(u(z) —u(y))k(z — y)dzdy.

Lemma 4.1.1. Let J be a nonnegative, convex function on R, J(0) = 0 and k € Li(R?) be
a nonnegative strictly decreasing function. Then for a bounded function u with E[u] < oo
and [{u > 7}| < 0o finite for all T > 0 we have

Elu] > E[Sul,
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where Su is the Steiner symmetrization of u with respect a hyperplane H. If J(t) = |t],
then equality holds if and only if the level sets {u > T} are symmetric respect to H (up to
a translation) for a.e. 7 > 0.

Proof: Let’s write first J = J, + J_ with

J(t) if t>0
J. (1) = =
+(?) {o if  t<0

and

J_(t) = J(t) if t<0
7o if  t>0.

We can define via the above
B lu] = / / T (u(x) — u(y))k(x — y)dady. (4.1.1)
R JR

Similarly, we define E_. Following the above definition we can write E[u] = E[u]+ FE_[u].
Then, it is enough to prove the theorem for the case F,, because the case E_ follows
similarly (k being symmetric respect to the center), which then will allow us to obtain
the conlcusion for E.

Since J is convex so is J,. From the above J, it is locally Lipschitz, so J is differentiable

t
almost everywhere on [0, 00) and J, (t) = / J' (T)dr, with J, the right derivative of J,.
0

This allows us to write

/0 o (u() = T)X frag)<ry (T)dT - = / Jy(u() = T)X {rau(my<ry (T)dT

= Ji(u(@) — u(y))- (4.1.2)

Let
el [u] :== /Rd /Rd ' (u(z) — 7)k(x — y)X{ru)< (T)dzdy.

Using Tonelli’s Theorem, we get

[ ettdar = [ ][ i) = ke — )i (dodyds
- /Rd /Rd k(z —y) /Ooo J\(u(x) = T)X frau(y)<ry (T)dTddy

- / d / T (ula) — uly)klx — y)drdy
E.[u] (4.1.3)
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We claim that [p, J) (u(z) — 7)dz < oo for every 7 € RT. Indeed, since u is bounded
there is M € RT such that u(x) < M for every z € RY. From the above, together with
the fact that J is an increasing function and wu is a function vanishing at infinity, we can
get

/R T (u(a) — )i = /{ oy P =y

< J;(M—T)/ dr < .
{zu(z)>71}

Writing Xfu<r} = 1 — X{u>r} and using that the Lebesgue integral is invariant under
translation, we obtain that

et = [ [ it = ble = pxen ) dody
= [ [ tate) = ke = )1 = X))y
= Wil | Jitute) =it — [ [ T (ua) = 7k = )y dady (414

By part 3 of Proposition 2.1.6 we have

/Rd J(u(z) —1)de = /Rd J. (Su(z) — 7)dx. (4.1.5)

Applying Corollary 2.1.8 to the second term of (4.1.4) together with the relation (4.1.5)
we get

el [Su] < ef[ul. (4.1.6)
By (4.1.6) and the above we have that
E.[Su] < E[u],

now we will consider the case of equality. Now, let k£ be strictly decreasing and suppose
that £, [Su] = E, [u] for a bounded function u. It follows from the representation (4.1.3)
that we have ef[Su| = ef[u] for 7 > 0 a.e. For equality to hold in (4.1.6), for any 7 > 0
a.e. by Proposition 3.2.2 necessarily there exists an a, € R" such that

X{u>r}($/, xg) = X{u>7}($/, tq—a;) and J,(u(@',zq) — 1) = J (Su(@, x4 — ar) — 7).

for almost everywhere (2, z4). From this we conclude that S{u > 7} + (0,a,) = {u > 7}
for a.e. 7> 0. [

The nonlocal Pélya-Szeg6 inequality (Theorem 2.4.2) can be rewritten by as follows

/R (AP @) () < / (=AY u(@)u(z)de (4.1.7)

R4

Recall the definition of fractional Laplacian and its relation to the Riesz potential operator

(—A)*u(z) = 2 / wle) =uW) y 1 ). (4.1.8)

Rd |T — Y[
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Using the above we can rewrite the inequality (4.1.9)

/Rd I ssu™(z)u*(z)dr < /Rd I ssu(z)u(x)de (4.1.9)

The following nonlocal Pélya-Szeg6 inequality under Steiner symmetrization is a conse-
quence of Lemma 4.1.1. This inequality can be interpreted as the energy generated by
the fractional p—Laplacian operator for p =1 (see [10]).

The proof of Proposition 4.1.2 is given in Theorem A.1 of [24] for the symmetric-decreasing
rearrangement. We sketch the proof of the adaptation to the case of Steiner symmetriza-
tion given in [45] for the sake of completeness.

Proposition 4.1.2. (nonlocal Pélya-Szegd inequality). Let d > 1, 0 < s < 1 and u €
W (Q) which is bounded. Then,

|Su(z /(/|U y)|
d dy < dxd 4.1.10
/Rd /Rd |$ - |dJrS Re Jrd |7 — |dJrS . ( )

where Su is the Steiner symmetrization of u with respect to a given hyperplane H. The
equality holds iff the level sets {u > T} are symmetric with respect to H (up to a transla-
tion) for a.e. T > 0.

Proof: Since Su(z) is nonnegative and ||u(z)| — |u(y)|| < |u(z) — u(y)|, it suffices to
prove the theorem for nonnegative functions. Using the definition of the Gamma function
and a change of variables we obtain

1 /OO n+p$71 _ | 2 ]_
—— a2 el gy = — (4.1.11)
L) Jo |z —y|Hee

Using (4.1. 11) and Tonelli’s theorem for nonnegative integrands we have

[ L ey =o [ [ [7 a0 o) - tldadsey
n n n n O
= C [ Ll da,
0

I,Ju] == / u(x) — u(y) e~ dady amd C=
n R”

with

The function J(t) = |¢| is convex and nonnegative with J(0) = 0. The function k(z) =
e~ is symmetric with respect to H (up to a translation) which belongs to L;(R™)
Therefore, applying Lemma 4.1.1 to the functional I, we obtain the desired result. |

4.2 (Semi-)Continuity results for the shape function-
als

We prove the continuity of the fractional perimeter with respect to the convergence in the
Hausdorff complementary metric of a sequence of uniformly bounded convex open sets

(for open sets in general we also prove a lower semicontinuity property) and the continuity
of the fractional Cheeger constant with respect to the convergence in this metric.

48



Proposition 4.2.1. (lower semicontinuity of P,) Let B be a fized compact set in R? and
Q, be a family of nonempty open subsets of B which converges, for the complementary
Hausdorff distance, to a monempty open set 0.  Furthermore, if €, are sets of finite
perimeter (classical perimeter) in R, with

sup P(Q,) < oo,

neN

then

lim P,(Q,) > P,(9). (4.2.1)

n—o0

Proof: By the compactness theorem for a family of sets with a uniformly bounded
perimeter, there exists a subsequence {€2,,, } such that xo, — xo in L'(B) as k — oo.
So, we can extract a further subsequence such that xq, — xo almost everywhere and,
consequently, Xz, — Xoe almost everywhere. By Fatou’s lemma in the expression

(2.2.1) for the fractional perimeter, we get the lower semicontinuity of P

XQC )
P,(Q) = o A Pl dad
) /Rd/Rd @ —yirs Y

_ / / hmnk_>OO Xan( )Xagk (y>>d:1:'dy
pa Jpa |d+s
< lim P,(Q =

N —r00

Proposition 4.2.2. Let B be a fized compact set in R? and 2, be a family of nonempty
convex open subsets of B which converges, for the complementary Hausdorff distance, to
a nonempty convex open ). Then, Py(Q2) = lim,,_, o Ps(2,).

Proof: Arguing similarly as in Step 1 of the proof of Proposition 3.1.4 shows that
there is an open ball B(0,7/2) such that

B(0,r/2) C Q, for all n > n,. (4.2.2)

. (Y)
—n " " dxdy.
// r:c— rd+s e

On the other hand,

(4.2.3)
It is not difficult to prove that xqoc(z)xa,(¥) < Xp(o,/2)c(2)XxB(y) and
XB XB (0,r/2)¢ ( )
dzdy < oo. 4.2.4
o Jo T e < 424

On the other hand, using the monotonicity of perimeters for convex bodies, we have
P(Q,) < P(Q) for all n € N (see [7], §7).

By the compactness theorem for a family of sets with a uniformly bounded perimeter (see
Theorem 6.3 in Chapter 5 of [20]), there exists a subsequence {{,, } such that xo, — xq
in L'(B) as k — oo. So, we can extract a further subsequence such that X2, — XQ
almost everywhere and, consequently, Xag, — Xoe almost everywhere. Using the above

and the dominated convergence theorem, we get Py(€2) = lim,, o Ps(€2,). [ |
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Corollary 4.2.3. The functional hs(-) satisfies the hypotheses of Proposition 3.1.4, so we
have that hg is continuous with respect to the convergence, in the complementary Hausdorff
distance, of a family of uniformly bounded nonempty conver open sets.

Theorem 4.2.4. Among all nonempty convex open sets in a ball B C R?, with the same
nonlocal perimter P, then exists at least one with maximum volume.

Proof: Let C be the class of all nonempty convex open sets in a ball B C R? with
perimter P; equal to [. Now let €, be a maximizing sequence for V' := supgeq [2] < 00.
Then, there exists a convex open {2 C B and a subsequence in B that we name again
Q, such that d7(Q,,Q) — 0 as n — oo and lim,_, |Q,] = V. From Propostion
4.2.2 we get Py() = lim,,_, 1 Ps(€2,) = [. From the continuity property of the volume
with respect to the convergence, in the complementary Hausdorff distance, we have
lim,, o0 |2, = |2]. Therefore V = |Q]. |

4.3 Proofs of the main theorems

Proof of Theorem 1.2.3 Let /A; be an arbitrary open triangle of area a. We, consider
the sequence of open triangles A\, defined by the successive Steiner symmetrizations in the
proof of Theorem 1.2.1. By Proposition 2.2.4(3), Ps(4,) is invariant under translations,
and so in this expression we may always assume that the coordinate system has its origin
at the circumcenter of the triangle. Furthermore, for the ease of considering Steiner
symmetrization of functions with respect to the chosen line of Steiner symmetrization of
A, by the rotation invariance of the P,, we may assume that this line is oriented along
the xj-axis. Since A, has finite perimeter P(/A\,), we can use the Proposition 2.2.3 to
conclude that P,(A,) is finite, so xa, € W5 (A,)). We can apply Proposition 4.1.2 to
the function yx,, obtaining

X2, (%) = X2, ()]

/ / IXs2,(T) = Xsa, (Y)] dedy
R2 JR2 ‘x_y‘%s
Py(

s An—l—l)

v

for each n. Therefore,

P,(Ay) > Py(A,) for all n.
Using Propositions 4.2.2 or 4.2.1, we have

Py(Ay) > lim Py(A,) > Po(D).

n—o0

This shows that P, attains its minimum value for an equilateral triangle. The proof, in the
case of quadrilaterals, that the minimum is attained for a square uses a similar argument
as in the case of triangles. The construction of the sequence of quadrilaterals is the same
as in the proof of Theorem 1.2.1.

We now turn to the question of uniqueness in the case of triangular domains. Suppose
that A is an open triangle of given area for which the minimum is attained. If A is not
already an equilateral triangle, then there is at least one axis m (perpendicular to one
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of its sides) such that A is not Steiner symmetric with respect to m. Let SA be the
Steiner symmetrization of A respect to m. Without loss of generality, m passes through

the origin.
[Xa(z) = xa(y)]
P(A) = dzd
(&) /]Rd /Rd o g

> / / IXsa(I)—xSa(y)ldxdy
Re JR |z — y|d+s
(SA)

Now, since we assumed that A minimizes P; this leads to Ps(SA) = Py(A) and so, we
get the equality case in the nonlocal Pélya-Szeg6 inequality (Proposition 4.1.2). Then,
by Proposition 4.1.2 it follows that

S{xa >} +a, = {xa > 1}, (4.3.1)

for every 7 > 0 a.e. Equation (4.3.1) is satisfied in particular for 0 < 7 < 1 a.e. Taking
one of those 7, let’s call it 7/, we have so

S A +an = A, (4.3.2)

Thus, A is Steiner symmetric with respect to m, contrary to our supposition. So, we
conclude that the equilateral triangle is the only minimizer.
The quadrilateral case for P, is proved similarly to the triangular case. [ |

Theorem 4.3.1. The minimum of Ps(2) among all tetrahedra of given volume is obtained
when € is a reqular tetrahedron and only when Q) is a regqular tetrahedron. Similarly, the
minimum of Ps(2) among all prisms (right or oblique) of given volume and a quadrilateral
base is obtained when € is a cube and only when ) is a cube.

Proof: The proof of this theorem is analogous to the proof of Theorem 3.3.3. [ |
Proof of Theorem 1.2.4 Let Ex, be an s—Cheeger set of A\, that is, hs(A,) = P‘rgiAT).
Then we have
:I: —
/ / |XEAn|( ) éfjn (y>|dl’dy
ho(A,) = R2 JR? r—=1Yy
() |EA,|
) —
/ / XsE,, (2) )ZCfEAn (y)] dudy
S JR2 JR2 |z — y***
- |SEA,|
_ PJ(SEn,)
|SEA,|
> hs(SEnp,) = hs(Dni1) (4.3.3)

for each n. Therefore,

hs(A1) > hs(A,,) for all n.

We then use the continuity property of hg for the complementary Hausdorff convergence
(Corollary 4.2.3) and get

ho(B1) = lim hy(An) = ho(D). (4.3.4)

This shows that h, attains its minimum value for an equilateral triangle. The proof of
the quadrilateral case is obtained in the same way as in the previous theorem. [ |
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Remark 4.3.2. The case of equality for the case of triangles and quadrilaterals the tech-
niques given above, is not fully settled. Suppose that A is an open triangle of given area for
which the minimum is attained. If A is not already an equilateral triangle, then there is at
least one azis m (perpendicular to one of its sides) such that A is not Steiner symmetric
with respect to m. Let SA the Steiner symmetrization of A respect to the perpendicular
bisector of m. Let En be s— Cheeger sets of A. Following the same steps as in the proof

of (4.3.3), we get
IxEL () — XEL ()]

dxd

sy - Ba) /R /R e dady

|Enl |Eal
/ / [XsEa () — XSEA(y)|dxdy
> Jr2JR? |z — y|?+s
- |SEA
Py(Esn)
|Esal
> hy(SA) (4.3.5)

Now, the fact that A minimizes hs leads to the observation that hs(SA) = hs(A) and so

Py(Ea)  Py(SEn)

= ) 4.3.6

2N |SEA| (436)

Considering |Exn| = |SEA|, and so, we get the equality case in the nonlocal Pélya-Szegd
inequality. Therefore

En = SEn +ay (4.3.7)

Though we cannot prove it, we suspect that N =8 A\ +a,.

Theorem 4.3.3. The minimum of hs(2) among all tetrahedra of given volume is obtained
when ) is a reqular tetrahedron. Similarly, the minimum of hs(Q2) among all prisms (right
or oblique) of given volume and a quadrilateral base is obtained when ) is a cube.

Proof: The proof of this theorem is analogous to the proof of Theorem 3.3.3. [ |
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